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INVESTIGATION OF ELASTIC WAVES IN THIN PLATES 
ABSTRACT 


A survey of the theory of Lamb waves is given. The period equa- 
tion is normalized, A formula is derived for computing the group velocity 
from the phase velocity and the derivative of phase velocity with respect 


to frequency-thickness product 


Experiments are described which were conducted to determine 
how thin a plate must be before the modes properly called Lamb waves 
will be excited. Measurements of group velocity of Lainb waves are des- 
cribed and the values obtained are shown to agree with calculated values. 


Photographs of typical and atypical oscilloscope waveforms are given. 


The analogy between sonic waves guided by elastic plates and 


electromagnetic waves is discussed ` 


An experiment is described using 1, 32" thick steel plates, in 
Which the insertion loss of artificial flaws was measured. The artificial 
flaws consisted of 1 32" wide saw-cuts of depths varying in increments 
ОО ους fron» Ороо tor ΟΠΕ 


An experinient is described in which the insertion loss of eiaht 
differeni butt welds in | 32" steel р. № was measured, 
е 
An experiment is described which was performed to investigate 
the feasibility of a method of locating flaws in plates by the use of Lamb 


waves. This method showed promise. 
A bibliog-aphy is given which contains one hundred and six 


abstracts of publications which are either related to or directly con- 


cerned with the propagation of ultrasound within plates. 
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INTRODUCTION 


1.1 Purpose and Scope of Project 


The purpose of this research project is best described by quoting 
from the proposal submitted to the Watertown Arsenal Laboratories by 
the Denver Research Institute on January 26, 1959, and entitled Techni- 


cal Froposal for the Investigation of Vibrational Waves in Thin Flates: 


"As technical advances are made in missile, aircraft and space 
vehicle design, physical reliability is becoming increasingly 
important. The supporting structures and covering membranes 
must withstand severe stresses - some of which have not yet been 
measured. Itis obvious that the raw materials for fabricating 
these items must be as flawless as it is humanly possible to make 
them. To insure nearly absolute freedom from flaws, refined 
techniques of flaw detection must be kept compatible with the 


problems which these structures present. 


"More specifically, thin sheets presently used as covering mate- 
rial will no doubt be made thinner as stronger materials are 
developed. The methods used for joining such materials, oi 
course, will be refined continually, however, to allow the use of 
thin material in structures designed with marginal strength, non- 
destructive flaw detection methods for thin sheets must be made 


more précise. 


"In view of these future needs, it follows that there is a continu- 
ing need for thorough understanding of all possible methods and 
techniques of flaw detection as well as all physical phenomena 
which can be used for flaw detection. It is felt that the cognizant 
agency involved in such testing should be also involved in the 
development of such refined techniques as may be required in the 


near future. 


"It is in the area of utilization of phenomena that the present in- 
vestigation is proposed. The phenomena associated with ultra- 
sonic waves have been applied for several years in various flaw 
detection methods. Several methods are used for ultra- sonic 
flaw detection, most of them based on longitudinal, shear and 
surface vibrations in the material to be tested. These tests have 
been applied with varying degrees of success, depending upon the 
application. In testing thin materials or materials composed of 
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thin laminations, much difficulty arises due to physical dimen- 
sions and the geometry of the parts to be tested; it is difficult 
to get ultrasonic vibrations into thin materials and to restrain 
them in the material once they are generated, to say nothing of 
measuring these vibrations after they have traversed the area 
or volume to be investigated. 

"There appears to be,considerable hope in this type of testing 
for the wave motion named after Horace Lamb. Lamb! pre- 
dicted that ап infinite order of vibrational modes could be set up 


in à thin plate or sheet.. 


4 


The scope of this project was defined in Exhibit "А": of Contract 
No. DA-23-072-505-ORD-1, entitled Scope of Contract on Investigation 
of Vibrational Waves in Thin Plates 





° GENERAL SCOPE 


.. e 
9 
7 ж 
. 


"Beginning with date: of contract’ and continuing for one year, the 
contractor ν 1] conduct an inv estigation directed towards deter- 
mining the feasibility of. м5іпр Lamb Wave phenomena in nondes- 
tructive inspection апа’ mea suring techniques, and toward the de- 
velopment of such techniques to the point uf practical application 
in sheet and plate materials such as used in supporting structures 
and coyering membranes essential to missile, aircraft, and space 
vehicle design. ! . Ee 


| τους DETAILED-SCOPE’ 


11. Athorough literature survey shall be conducted to reveal 
$ 
° the state of the ultrasonic art insofer as Lamb Waves are con- 


cerned. ©, 


$ 
"2. Laboratory experimental work shall be conducted with а 
view to the development of practical equipment and techniques 
suitable for the propagation of Lamb Waves in sheet and plate 


metals of various dimensions and configurations. 


$ 


Horace Lamb, "On Waves in an Elastic Plate,'' Proceedings of 
the Royal Society of London; 506, R81, Vol. XCIII, 1917. pp 114-128. 
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"3. Laboratory experimental work shall be conducted with a 
view to the development of practical equipment and techniques 
suitable for the detection and measurement of Lamb Waves in 


sheet and plate metals of various dimersions and configurations. 
e 9 дъ e 
% 


i L τς . `. ° 3 

+. Laboratory experimenta] work shall he conducted to deter- 
e * 2 

mine the adequacy of the abev= e quipment and ¡echniques for the 


purpose of utilizing Lamb Waves as à 1901, (ог nondestrucuve flaw 


detection and dimension mea suving-of Весь ind plata. metals of 


various dimensions and configurations, © я : 


›. Experimental deter: nip. пк shall be made of the sensi» >. 


+f 


tivity of Lamb Waves for th e detection: af defects.of known sevens 


ity and type in test přece 5 of various geometries made from, - 
various structural mate rias me luding but τίν necessarily ree 


stricted tc ала) nun alloys, titan h uim "Це ys and ste els. 


.. 
Ж: ee . ον 9 ο 


9 9 0. P TES Е £ .. 
6. An expe rimentat ev. yltation statt be made pf the potential 
possibilities of Lamb Waves asa practical tool for the field in- 
spection of « omponents әбес om posite. structures, in an effort 


to provide practi al cans of detecting ahd measuring defects 


therein.” Е ЕТЕ n ç 
1.2 Related Subject Matter ..°: ae toj | 


The subject matter of this project is closely related to similar 


work which has been done in the field of seismology. Seismologists are 


concerned with Lamb Waves and related phenomena not only at seismic 


frequencies, but at ultrasonic frequencies as well. The seismologists 
ж- . 


are interested in ultrasonicefrequencies because they have found it de- 


sirable to construct small scale models and Simulate earth tremors 


with ultrasound. * 


deal of interest in using a thin strip of metal to conduct ultrasound. 


In the art of constructing ultrasonic delay lines, there is a great 


permits the construction of delay lines which have a large amount of 


delay within a small volume. The transmission of ultrasound through ; 


thin plates for nondestructive testing purposes is similar to the trans- 


mission of ultrasound through thin plates for the purpose of delaying a 


signal. 
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The case of waves of ultrasound being guided by a thin elastic 


plate is, in general, qualitatively analogous to the case of electromag- 

netic waves being guided by a rectangular wave guide. In the case of 

ultrasound being guided by a,thin plate, the modes of propagation are 

solutions to the бы of motion subject to the boundary conditions 

imposed by the medium in contact with the faces of the plate. In the қ 
corresponding case of electromagnetic waves being guided by a rectán- ° 
gu! ar wave guide, the modes of propagation are solutionssto Maxwell's ο m 
equations subject to the boundary conditions imposed by the walls of the 5 


“guide. . 


E Thig study hàs been restricted to the investigation of Lamb waves. 
Lamb waves include only those modes: of vibrátion of an infinite plate in . 
which the particle motion isvindependept of thé direction which is paral. eS e ез; 
“е! to the free*surfaces and normal to the ‘direction of propagation,’ Howe i Ше: 
ever, there are other modes which have particle motion only in the i i : ДД 

direction.which: is parallel to the free surfac es and normal to*the direce ` . 

.. tion of propag: ation. * These m odes are alled Love waves and can be UE 
interpreted in terms of totally and, multiply reflected horizontally poe: | АУ 
a arized shear waves; These modes are almost identical.to th modes °’ + | s 


of propagation of elec .romagnetic. waves їп «rectangular wave guide. ! .. 
It is possible. that in the art of nondestructive testing there has been 


some application of Lote waves, However. the authors of this repòrt . E 
have uncovered no instance in which the re has been a systematic attempt, 
to develop :cchniques for ΠΡ them to the testing of thin plates, 5 Е 


“The problem of thertransmission of sound through дадете is very 
closely related'to the excitation of Lamb waves in plates, because sound 
is readily transmitted through a panel only when it-is incident at such 


ап angle that it excites the natural modes'of vibration of the panel. 


The problem of the vibrations of thin plates is analogous to the 
problems of the vibrations of prismatic bars and cylinders; because, in 
all three of these cases the boundary conditions at the surfaces cause 
the vibrations to be, generally speaking? dispersive., a ө 


1.3 Other Investigators and Their Contributions . 


Horace Lamb published a paper on the prolem of waves. іп an 


Ewing, W. M., Jardetzky, W. S., and Press, F., Elastic 
Waves in Layered Media, McGraw-Hill, New York, 1957, pp 294-295. 
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infinite plate in 1917. ! His work is best described by quoting from the 
first page of this paper: 


: "И occurred to me some time ago that a further examination 
of the two dimensiona] problem wag desirable for more than 
one reagon. In the first place, the number of cases in which “τ 

the various types of vibrationtof a solid, none of whose dimen- 

sions 18 regarded as small, have been studied is so restricted 

that any addition to it would have some degree of interest, if 

merely as a contribution to elastic theory. Again, modern °° 

seismology has suggested various questions relating to waves 

and vibrations in an elastic stratum imagined as resting оп 

måtter оба different elastic ity ind density These questions 

naturally present great matHBHernatical difficulties, and it'seemed : 

: unpromising to attempt any further discusgion of them unless à 

; the comparatively simple problem which forms the subject of 

| this paper should be found to admit of a practical solution In* 

itself it has, of course; no bearing on the questions referred to. 


'Even in this casé, however, the period-equation,i's at thE ote шр 
¿slight rather intractable, and it is only recently that 4 méthod of. 
dealing with it (now pretty obvious) has suggested itself, The. 
result is to μίνο, | АВК, а fairly complete view of the more" . 
. important modes of vibration af an infinite plate? together with 
. indications as to the character of the higher modes, which are * 


. ‘of less interest... - " ма: SUM . ° 


In 1945, Firestone and Ling published à report on the use of Lamb * 
«waves in nondestructive testing. ^ They discussed possible uses of Lamh 
waves as well as.group velocity, phase velocity, particle motion and 
means of generation. They made the necessary calculations and plotted 
curves of group velocity and phase velocity as functions of frequency- 
thickness product for aluminum. Firestone and Ling conducted ехрегі-, . 
ments to obtain information about the nature' ой Lamb waves, and found | 
evidence of mode conversion when Lamb waves were refiected at the 


edges of plates. They discussed the effect of the spectrum of the pulsed 


2 | 
kambi орле ро E 


? Firestone, ЕА and Cing, D. ο. Report on the Propagation of 
Waves in Plates - Lamb and Rayleigh Waves, Sperry Products, Inc., 
Tech. Кер 50-5001, Danbury, Connecticut; 1945. 
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sine wave on the generation of Lamb waves. They experimented with 
various designs of transducers for exciting Lamb waves in plates; the 
basis for these designs was a Y-cut quartz crystal with an X dimen- 
sion seven times its Y dimension and a very long Z dimension. 
Firestone and Ling hold United States Patent No. 2,536,128 (1951) 
entitled "Methods and Means of Generating and Utilizing Vibrational 
Waves in Plates" which discloses the curves of phase velocity versus 
frequency-thickness product mentioned above, methods and devices 
for inducing Lamb waves in plates, methods for testing plates for 


defects by mode conversion of Lamb waves, and a method for deter- 


mining the thickness of a plate by utilizing the interference between 

two different modes of slightly different wavelength. 
. г. 

| In,1953, Tolstoy and Usdin published a ray theory of the disper- 
‘sive properties of. stratified media. ! They gave several examples of the 
use of ray.theory. The propagation of Lamb waves was the simplest 
case considered,.and they showed that the period equation obtained using 


‚ ray theory was identical to the equation obtained by Lamb who started, 


e 


iniessence, from Hooke's law and Newton's second law of motion. 
e 


. Sie Ne 


: In 1985, Mindlin? published an extensive mathematical treatment 
of the vibrations of elastic plates which in general are finite, non- 
isotropic and have various conditions of face loading. He discussed 
Lamb waves as the simpler case of an isotropic, infinite, elastic plate 


with: free. faces: 


ee 


° In 1959, Worlton reported work conducted for the purpose of 


disclosing the nature of Lamb waves with a view towards applying them 
to nondestructive testing.” In addition to corroborating the results of 
Firestone and Ling, Worlton's experiments showed that a considerable 
amount of curvature of the plate did not affect the propagation of Lamb 
waves within it, and that the period equation as derived by Lamb for a 


Tolstoy, I., and Usdin, E., Dispersive Properties of Strati- 

fied Elastic and Liquid Media: a Ray Theory, '' Geophysics, v28, pp 844- 
810. 1555 

2 Mindlin, R. D., An Introduction to the Mathematical Theory of 
Vibrations Of Elastic Plates, U. 5. Army Signal Corps Engineering Lab- 
oratories, Ft.. Monmouth, New Jersey, 1955, Signal Corps Contract DA- 
36-039-sc-56772. 

3 Worlton, D.C., Lamb Waves at Ultrasonic Frequencies, HW- 
60662, Hanford Atomic Products Operation, Richland, Washington, 1959. 
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. е . . 
plate in vacuum still gave satisfactory results when used to analyze the 


9 ва е. . X 
case of à plate immer Ak in water Worlton manipulated the period 
o 
equation to render, n much more μμ, for its ол ona 
А “digit. εἰ. eoniputer | ite used an JBM 709, digital ‹ computer to cómpute 


eurves of, phase velo ity as a function of frequency-thickness product 
for alumni nun 4 К КОЛЛ stainless steel, brass and uraniun 
Worlton: studied various geometries: such as might be enc sunt ra in 
Actual testing situations; these inc luded thinestrips, small diameter 

á tisks ον netat ‘ave rivi "a various ‘di. imeters of flat ТТТ holes, and 


adhesive and плебеи се! vonds of vamous*degrees οἵ bond integrity. 


ES > Previ ously, Бог оп, had published work on the use of Lamb waves 


inp practic al te sting props 1 | He described the propagation of Lamb 
Waves in a test bl Gk Wath a'built-in laminar flaw 0.020 in below the 
surface 4 р“ abe for the interior inspecti on of tubing. and the propaga- 
οι пө; Lamb waves an met. idestrip ОГ different grain structures 


СИИ Sauter pubfished a paper which summarized the theory 
of the vibrations of thin Clastic plates. * in this paper, the author dis- 
с ussede the three pi ossi! blé type 5 of vibrations: Love waves, symmetrical 
| Lam ibiwáv e$, and asymmetric al Lamb waves: „Не presented the period 
equation*for each € ase ang indicated a method of obtaining simplitie d 


equations to the first or to. hi, Ehe г orders of approximation. 7 


1.4 Subject Matter lo be Coyeréd -> 


The subject matter of thid néport parallels the detailed scope of 
the contract as quóted in section 1,1% One of the prime objectives of 
the project was to make a thorough literature search. The results of 

e this search are presented as a survey of theory and a bibliography which 
includes an abstract for each reference given. In conducting this litera- 
ture sea rch,"emphasi ; Was given to articles of a basic nature, and a 
fairly large amoynt of reading was done for the purpose of acquiring 
background for appraising the various articles. In parallel with the 


—UV 
ү, рист, 


orlton, "Ultrasonic Testing with Lamb Waves," 


Nondestructive Testing, v 15, n, pp 218-222, 


* Sauter, F., "Remarks Concerning the Theory of Vibrations of 
Thin Elastic Plates," Z. Natursforsch, v A3, pp 548-552, (1948) (In 


German) 
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literature search, experimental work was conducted. Some time was 
required to obtain the various parts of the apparatus and become familiar 
with it; consequently, during the earlier stages of the project, emphasis 
was placed on the literature search and accompanying theoretical work? 
During the latter stages of the project, emphasis was placed upon the 


experimental work. 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 





THEORY 


2.1 Analysis of the Vibrations of Infinite Plates 


2.1.1 Introduction 





Lamb waves are waves which can exist in an isotropic-lossless- 
elastic plate of finite thickness but of infinite length and width which 1s 
bounded on both of its faces by vacuun, and which are independent of a 
direction which is paraliel to the free surfaces and normal to the direc- 


tion of propagation. 


+ 1 ө ed г ' 

Several theoretical Eu pone ns of Lamb waves may be found in 
the literature, ! Tlowever, a discussion of the theory of the vibrations of 
infinite plates will be gaven here by way of summary, 


Phe classical method of obtaining the period equdtion (i.e. the 
equation which relates phase velocity ο Μάνο length) is by making use 
of Нооке? late, Newton's second law of motion, and by satisfying the 
boundary conditions t hal the tensional stress normal to fhe free surfaces 


and the shear stress tangenti il to the free surfaces must vanish. 


° .. . . . 
2 9 
9 
2.1 2 Definitions of Stre d Strain, ¿and Rotation р А 
pelle DUES BOGS ЦО АР μα UE νο SE ER АА 


° Before НооКе"5 Jaw and Newton's second law of motion can be 
stated in microscopic terms,-it is necessaryeto define the different com- 
ponents of stress and strain in terms of a differential element of volume? 
as shown in Figure’ 1. When the solidis unstrained, the far corner of 
. . ОО πὶ . 


See for example, wing, WM., Jardetzky, W.S , Press. F., 
Elastic Waves in Layered Media, McGraw-Hill, New York, 1957,.pp 281-288. 


Worl ton, D. С,, Lamb Waves at Ultrasonic Frequencies, HW- 
60662 Hanford Atomic Products Ope ration, Richland, Washington 1959, 


pp 5-18 2 e° 
Lamp rh Оп Wavesom an Elastic Plate ое πο ρου 
*(London), 93, 114-128 (1917) ° ? 


* Kolsky, H., Stress Waves in Solids, Clarendon Press, Oxford, 
1953, pp 4-7. 


Mason, W.P., Piezoelectric Crystals and Their Application to 
Ultrasonics, D. Van Nostrand Co. , New York, 1959, pp 19-29. 
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FIGURE 1 
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this volume element has the coordinates (х,у,2,1 and its edges are of 
equal length, dx = dy = dz, às shown. The six compohents of stress are 
shown in orthographic projections of this same volume element (Figures 
a through 7) Τι, Τε, Ту, are the components of tension (compression 
is considered to be negative tension) parallel to the x, y, and z axes re- 
spectively T4, Ts, Ty, are the corresponding components of shearing 
" > 


‘stress š κ 


° . 
The displ: icement of'any point in а solid is resolved into the tHree 
° 
. 1 
they words, the a oordinates of a particle when the solid fs unstrained 
. 9 
аге (Nyy, Z) its с coordinates after being strained will be аи ν and 


9 
Uc) τα. frain is defined in terms of the p amtialyderivatives of the 


particle 4451 Mac t ee the three « onfponents of tensional strain are: * 
е 9 
9 
. ° е ы 
° р Bu . a д“ . Pu Ow + e (1 
21 FO UM а AN та ---- 1) 
е дх ee . ο г : е Qz 9 Е 
* е . 
ы M i . ο ^ е 


. е 1 5 a h 5 
The deformation and displacement ofthe vobume element wher all strains 


е > . 2 
exc ері S; аге zero is shown т Pues а Figure & Shows the same vol- 








ES 
ume пейка when there 1s no strain Th e dilation is “the inc rease,in 
volume per unit volume whith is eq: ual to (Srt ол t Sanad is denoted by A 
° The three com ponents of shearing’ ‘strain are: - . 
. ° 
. ° ae Y: ὃς 2 . x eve e 
Я Ow ον ED Qu д Wo x . д V 9 \1 ° 
4-. \ or ` 2 = n ° $ е 2t MT E . (2). 
4 y CZ . 92, 9х ὃν dy 
% t, 9 9 
е ο . е 
. % . . 
Figure 11 shows the deformation, of the volume element as a result of Se 
2 : f ou Te 
when all other strains are zero; note that Sg = — - 0 In addition to 


the six components of strain, there are three components of rotation 


е. ә . Е с : Я б 
which gre defined in terms ef the partial derivatives of displacement as 








follows. ü ° 
cre aw 2 η... ер EU A E | lav du (3) 
АА DNE ΓΤ. MEI NS, 


' 
Figure 12 shows the volume element which has been rotated under a 
condition of zero strain. This might be the result of rotating the entire 
solid. Again note that 92 = - 0 In Figure 13 is shown the volume 
element which has undergone a shearing strain S¢ = Ө without under- 


going any rotation. 
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componengs u,v, and w parallel to the S у, and z axes respec tively, In 


13 


14 





9 Τι 
1,7 AT тұ 524: 
B | ° r | " š 
4 үт 7 | | 
T, — — А ! Т, s r+ 91 dx 
у вв AA 
== => | i 4 
| y 
T. з 
> > > 
FIGURE 2 . FIGURE 3 
. ат 
T 7-24 
m ° 4 ду : 
| NES 
e 4 ӘТ, 
= A | τν d 
9T, 
| | Ν 
L- J Д 1. 
P It : 
T LJ > . 
é i | т 
= = — x _— y — у 
FIGURE 4 FIGURE 5 
9% 
Т, + 
в Зу Y 
4 ат; 
Woy 9 
T ? 
6 
е 
| T T, 
t ES --- Χ Е Е ECC 
FIGURE 6 FIGURE 7 
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2.1.3 Hooke's Law! 


в 


The general form of Hooke's law is: 


- " 

[ т, | Cu G 12 

| T, | S C22 

| 

| Τι C3] C 32 
δν C41 - C42 
T, ς 5) сә 

p Cei Сва“ 
| I = 


5 


ζει 


Сєз. 


сн еле 


C65 


C26 52 
C 36 S, 
p | s (4) 
с 5; 


C 66 | δι 2 го 


Ls 


However, in the case of an'isotropic solid it can be shown, * 


that all elastic moduli which are not zero:can be expressed in terms .* 






of two constants, Nand М; so that Hooke's law becomes: Ai 

Rom NE ηδη 
Ix | At 2p \ À 0 0 DENN | ae | 
T i о 0 αν; 
т, RE оо E 15524 > 
Tr: 0 7540 Qu Us UE 07 Sc 
is ( б; o EE Ge ales. 

| Te | |9 0 0 0 0 п | | See К 


! Kolsky, op. cit., pp 7-10. 
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2.1.4 Equations of Motion 
The equations of motion are the result of applying Newton's 
е. | 

second law of motion and Hooke's law to the volume element. Let Fy 

be the component ο force (body [QUOS gun as gravity are being neg- 

lected here) parallel to the x axis; let ay be the resulting component of 
acceleration and let ni be®the mass of the volume element. Then . 


Е - 5 
2 91 9T, 
E |—— +—— +—|dx dy dz ° 
pus ду 9 
° 
° 
9 9 Н ñ . 
d p dx dy dz р . density ο ὡς 
À д ᾿ Е д ; 
9 я е * Ou ы 
1% — A . 
: 4254» `. ot” . 
7 μες. . i à 
. = S Ы . ° ^ τε 
; οἱ бра οτι "m ^ M 
я 2 ----4---- і---|! dx dy 42 = p Lr dx dy dz. , 
° ὃν ду 9 2 Ди UE 
By expanding vquation 5 and differentiating, one obtains 
$ 5 
aT DA 95 и. БЕЙ 
— A + 2p — where А - (S, Ғ5)% S) аз defined in 2.1.2. , 
ὃν ὃν Ox | . . i 
9 [| 05% р . 9 
ed | reper: що: 
ду ду . 
O Τε до 43” С 9 ` 
д ο { ° 


By substituting Sj, 55, and 5, as'defined in equations one and two; 


one obtains: 


2 
р КЕ = Atu) iT + py (Т similarly, 
д? у x 8^ 2 E. P 
Шен о у “0 (6) 
e ох ° ЗА ; ы 
р 5: ο EN Re 
NC UNE. NEL. 
where V = эу? + эу? F Sb These are called the equations of motion. 


‘Kolsky, Op си рр ΠΠ 
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The type of wave moticn we are studying 15 independent of z, 
1. е. all cross sections of the plate parallel to the xy plane are identical, 
Con- 
sequently, и is required to satisfy only the first two of equations 6. In 
this two-dimensional problem, the x axis is assumed to be horizontal 


and there is no component of particle motion parallel to the z axis. 


with its positive direction to the right and the. y axis is assumed to be 


vertical with its positive direction upward. The plate 15 assumed to be 


located so that it is symmetrical about the xz plane. 


It is easily verified that the solution fo the equations of motion, 


for this two-dimensional case is: қ 
. . қ š 
до TI дә ος ° 
u =н == % өлі “ --- = - . . Е (7) 
OX ον ον ΟΝ 


where © and v are at&xiliary functions satisfying the equations: . 


, 
о “δ у 2 Ü + г š . 
DE ( A + ән) V ә , р WEN p Y στ (8) 
Oe. ος ~ б ` 
1 К + Ju ; та : КК 
SECA oe Vy the velocity of a lonpitudinal wave in an 
p ТЕ : Е 
E я r I" 4 1 ха! E ç Ч 
extended medium and Ус - [7 tfe velocity of a shear wave in ад А 
‚р | : ў 
г . š 1 . 
extended medium, equations 5 may be written as follows; 
. ? . > 2 2 М 
до ΧΟ oh, ve? S , 
я . (9) 
ODS. οι” 


З 9 | 
Ц is assumed that there is periodicity with respect to both x and 


> 


{ so that ó and ὦ may be written, ; ч 
Е υπ | 
© = (y) e (10) 
б ¡(ot - Ех) : 
о Е 
here 2 апр ат trequency = =з -- ОЛ A 
where c = angular frequency WU А 
f 2 frequency in cycles рег second 
9 
i ὄπ 
b = wave rurmber == = дт/ X! Ç 
| wavelength 
M = wavelength 
° ° 
! Worlton, Dene op сн у рр 528: 
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It is readily seen that 


9% 


E (ШІ 


9% 
ox? 


" 
' 
uw 
го 
o 


(12) 


so that from equation 9, 


2 
|! 2 c 
defining a = Ë ---- 
vie 
— = 0% (13) 


and since с = МЕ where V = phase velocity = ГМ 
2 
V 
Е 
t 


So that for a given value of phase velocity and wavelength, the 
manner in which 9 varies with respect to y consists of a solution to an 


ordinary differential equation in y. 





Similarly 

2 2 

ay о | V 

η υπ (14) 
The solutions to equations 13 and 14 are familiar as 

- Y 55% 
E y) = ae + be (15) 
G = a + c 


Fiy) and Giy) may be writtenas hyperbolic functions so that 


Ф (Asinh ay + Bcosh ay) sig te т Ех) (16 
ф = (Csinh By + Dcosh fy) pilot Sx) 
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a % 
To obtain the period equation, it 15 necessary to satisfy the 3 
boundary conditions that Т, and Т, vanish at the two values of y= + 4/2 
„е ' ° | 
where dis the thickness of the plate, 
0 9 
^ Ду ees 9 Қ 


i ps : 
Tz and T, are obtained from equation 5. (Since Ше motion is in- 
dependent of z, 5,, S, and S, are identically zero.) 


Т; МА ee ASI d 
where Е ° 
. 2 
: A о 9, so that from equation 12 and 13, 
А ° 2 d . . 
. τν e A (a t Jo а . 
2 ἊΣ. ES М 2 A 
ду "до ©”, .0: . 0 . : 
. 5; E == ; — 5 Алы май - ato е ALE : E A А 
ÓN оу, Oxy. , Ux dy . 
2 2 | 3 2 ue 4 : 
Τ; À (a Е ) Asinh чу + A ( a Баз Bcosh Гат ° Y 
ды ax EE ay "+ Сы α΄ Bcosh ay +, 2Ai&Cpygoshpy `+ . 
= 9 е 
216 Прузи Д Si (ot 5х) . , š 5 Б 


Collecting terms and*noting that 


“λε ro! + да za E gr) T 
AU CM Ap et’ + Ве) sinh ay зү + 3] cosh ay + + (17) 
° . о % ν 
" C(2i 5p (1) ‘cosh Py te D(21Ẹ > P H) sinh i RE -Ex) Ы 
ο ον. а ο 
P Ë š ‚ ὃν ду s. ү д у o? Ф p 
2 71% “т σος a P 
0х ау. Ux Oy dx? 9х ду 
дё; ° А š .. 
ду? i 1 j 
UE = A(-2ita H) coshay + B(-2ita ы) sinh ау i (18) 
Cul? + B^) sinh By + Пи(# + B") cosh Py] eilot - 6х) * 
e. 
я То make the manipulation lss cumbersome, let s 
e 
`. . ¿i6Bp = п 
-2i бан s p 
da 
(E + ) = q 
ad 
sinh > = Sq 
ВЧ 
sinh 2 = 58 
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d 
cosh Tc Ca 
pd _ 
А cosh 2 = cp ° 


e 


Then since at y = £d/2, Τι = т 








21 


= 0, four simultaneous 


equations in the four unknowns A, B, C, and D are obtained which, when 


A 1 
e writteninmatrix form,appear as follows: 


A В С 
аза аса” ΠΕ 
. Е Рса рза азр 
-QSq τα πο β 


L pec à рза кече 


D 

nsp 0 
-nsp 0 | 
qe 0 қ 


If the second and fourth columns of this matrix‘are inter- 


«changed, ib may be manipulated so that it 


appears as follows: 


Ames p MIO В 
г quu nsa ‚0 Ори 277 Ай 
TT S 0 0 
Ρέα noe (20) 
| 0 ης β аса 0 
| 0 D 459 рза Ὁ | 


If this system is to have any'solu 


tion other than A = B= C= 


D = 0, itis necessary that the system determinant vanish. That 18 


2 qS, SB Ben 
рса aca} | asg 


` The system determinant will ther 


аса 
= 0 (21) 
PSq 


efore be equal to zero if either 


of these second order determinants is zero; furthermore it is clear from 


the matrix that any solution of either of the second order systems, , 
S ns 0 nc € 
454 p | Е . τα 520 
PCa Heg 0 350 Ρα 


! Ewing, W.M., Jardetzky, W.S., and Pr 


ess F., op. cit., pp 282-284. 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 


t 


се 


is a solution of the fourth order system and furthermore that all com- 
binations of separate solutions to these two second order systems are 
solutions of the original fourth order system. Therefore, 11 is possible 
to separate the original fourth order system into two independent second 
order systems, The two systems are analyzed by assuming first that 

A = D = 0 and deriving the resulting period equations for the remaining 


second order system. Thus 


κ s 
(σι - Ex) (23) 


1 
ф = C(sinh Ву)е 
MERC 


which implies a motion which is synfmetric al with respect to the medial 
plane of the plate, and consequently these vibrations are referred to as 
the symmetrical modes; whereas, if itis assumed that B = C = 0 and 


the, other period equation is solved 4he functions are 


o - A(sinh ра . ых ; (24) 
y D(cosh бү E $x) 


Since these functions define a motion which is asymmetrical about the 
medial plane, solutions of the corresponding period equation are re- 
ferred to as the asymuictrical modes, It happens that nrost often the 

two typos of modes have different phase velocities от a given frequency 
so that physically they are as distinct as modes of different orders, (i.e. 
physically, the second symmetrical mode is usually as distinguishable 
from the second asymmetrical mode as it is from the third symmetrical 


or asymmetrical mode.) 


The period equation for the symmetrical case is accordingly 


nep | аса 
45 - рза 
or, npcg Sq = q? Ca Sg 


2 
среза = Bee 


Ca sp np қ 


and substituting the original expressions back into the period equation 


ans 
we obtain 


tanha 4/2 (£^ +p?) 


tanh В а/2  4£^ ар ος 


‘Bamba He, ор ӘБ. р 
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This equation can be put into a form much more convenient for 
engineering work by substituting the definitions'of a and В. The period 
equation for the symmetrical case is then equal to 


uv 55 Ши L- 
tanh m fd tanh wid ΤΎΡΟΝ ЕО Е СЕЕ (26) 
tanh п fd Vs? - V2 v? 

Vs! RE 


Te : ο. 
Similarly, the period equation for the asymmetrical case is: . 





tanha 9/2 _ ЗЕ ар 
tanh р 9/2 [A (en 
к 2 
τε, πη 
or;! tanhmídl үрг v? οι 5 (28) 
tanh т/а | Ys? - vè d? ME г 
м БИ [is 


В Computation of the Period Equations " . 





The period equations must be solved by assuming some value оГ 


V and then computing the corresponding .alues of frequency -thickness ` 
product by some iteration procedure. Using an IBM 709 digital com- 
puter, Worlton has found roots of these period equations for zirconium, 
stainless steel, uranium, brass, and aluminum, and has plotted the re- 
sults as curves showing phase velocity as a function of frequency- thick- 
ness product. ' Firestone and Ling previously Πτα de ο. for alu; 
minum and in addition gave curves of the group velocity. Normalization 
of the period equation permits the computation of a single set of curves 
for each of several values of the ratio of longitudinal velocity to shear 
velocity; so that the desired solution to the period equation can readily, 
be found from these curves regardless of the material in which Lamb 


waves are being propagated. ; e^ 
% % 


2 Worllon ο Ca αρ. cit., pp 9510 
o Ы ор Уро 
Worlton, D. С., op. cit., рр 31-32, рр 51-58 


Firestone, F. А., and Ling, D. 5., Report оп the Propagation of 
Waves in Piates - Lamb and Rayleigh Waves, Sperry Products, Inc., 


Danbury, Connecticut, 1945. 
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The period equation is normalized as follows: 
Let V, = V/Vg P = Vj/ Vg and (fd), = (4/У6 


then for the symmetrical case: 











2 2 
P: xy 
tanh fd - п 
ο аа η 
tanh т (fd), lou 
n 
and for the asymmetrical case { 
2 2 2 
V. 
tanh'm (fd) VI ч. 1 pss = | - va 
tanh т (fd), --- 5 Ë - vi] к 
° id n . 


Note that if V > Vc, one or both of the hyperbolic tangents on the 
left sides of equations 29 and 30 become circular tangents which makes 


"πο ο. ος. product a multivalued funttion of phase velocity. 


A semiautomatic program has been developéd by Mr. С. L. 
Foreman of the University of Denver, for the Datatron 205 digital com-, 
puter.for computing the normalized curves of phase velocity as a func- 


tion of frequency -thickness product. Š 


: Only a pilot Computational effort was carried out under: the present 
contract, as the computation ofa complete set of normalized curves 
will require the expenditure of several thousands of dollars. The ob- 
jectives of the pilot computational program were to learn more about 
computing the curves on the Datatron 205 digital computer and to esti - 
mate the cost of computing a complete set of curves which would in- 
clude a wide enough range of ratios of longitudinal to shear velocity so 
that the set of curves could be used for а material that is apt to be 


encountered, 


e 

The symmetrical modes for the case of a ratio of longitudinal 
velocity to shear velocity of 1.8 were computed. 

The results of this pilot computational effort are plotted as 
Figures 14 and 15 (Group velocity was computed using equation 39). 
The cost of computing a set of curves of symmetrical and asymmetrical 
modes giving both phase-and group velocity for ratios of longitudinal 
velocity to shear velocity ranging in increments of .05 from 1.45 to 3.65 
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FIGURE 


(corresponding to a range of Poisson ratios of . 0496 to 0.459) is esti- 

mated at about $25,000. This figure could be reduced to abuut $8, 000 
by using increments of .10 instead of . 05 and taking the range of ratios 
of longitudinal to shear velocity from 1. 50 to 2. 60. 

2.1.7 The Analogy Between Guided Some Waves and Guided Electro- 


magnetic Waves 


The case of waves of ultrasound being guided by à thin elastic 
plate is, in general, qualitatively analogous to the case of electromag-. 
netic waves being guided by a rectangular waveguide. The reason that 
the analogy is only qualitative is closely related to the fact that in an 
extended elastic solid both longitudinal and transverse waves are prop- 
agated; whereas in an electromagnetic waveguide only transverse waves 
are propagated. In an extended solid, the dilational and rotatibnal 
motions ure propagated independently. of each other. However, in : 
génetal in the neighborhood of a free boundary, «there is coupling be- 


tween the two types of 1Ynotion which is impased by the boundary. 


D е . 
«In particular, there їз an analogy between transverse elastic 


waves which are polarized parallel tó the free faces of the plate and 


electromagnetic'waves in a rectangular waveguide which is quantitatively 


exact, ^ These transverse waves are always totally reflected as trans-+ 
verse waves with no coupling оГепегру into longitudinal waves, Elastic 
waves of this type are called Love waves by seisfnologists and are out- 
side of the scope of this study . ° ° 


s > 


Microwave engineers аге concerned with minimizing the re- 
flection coefficient at the junction between two sizes of waveguide. The 
problem of computing the reflection coefficient of an electromagnetic 
wave at such a junction is, in general, extremely complex. Conse- 
quently, minimizing the reflection coefficient is usually more of an art 


: 3 
than a science. ; 


Mindlin, R.D., An Introduction to the Mathematical Theory of Vibra- 
tions of Elastic Plates, U.S. Army Signal Corps Engineering Labora- 
tories, Fort Monmouth, New Jersey, (1955), Signal Corps Contract 
DA=305039 Sc S612; p2 210 


“Ewing, W.M., Jardetzky, W.S., and Press, F., Elastic Waves in 
Layered Media, McGraw-Hill, New York, 1957, pp 294-295. 


? Slater, J.C., Microwave Transmission, McGraw-Hill, New York, 
1942, pp 168-173. 
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The corresponding problem in ultrasonic inspection is to maxi- 


mize the reflection coefficient by choosing a frequency and mode of 
propagation so that as minute a discontinuity as possible will cause a 
Significant amount of the energy to be reflected. 


2.2 Excitation of the Vibrations of Infinite Plates 


2.2.1 Qualitative Desc ription of the Spectrum of the Radio-Frequency 


Pulse. 


Typical pulse spectra are shown in Figure 16. The shortest of 
these pulses is only one cycle in duration which is shorter than any of 
the pulses used in the experimental work to be described; however, 


this does not alter the general appearance of the pulse spectrum. 


As is shown in the figure, when the pulse is made twice as long 
its spectrum covers onevhalf the frequency range, and when the pulse 
is made five times as long its spectrum covers one-fifth the frequency 
range. This principle of reciprocal spreading is analogous to the 


Heisenberg uncertainty principle of quantum mechanics 


ο. ο, 2 OMT LOT Integral Representation 


| In mathematical terms, апу nonperiodic function such as the 
pulses shown above can be expressed as a Fourier integral. In the 
laboratory, the waveforms used are actually periodic; however, if the 
pulse repetition rate is sufficiently low so that the energy of a given 
pulse can be assumed to have disappeared before the arrival of the 
following pulse, the best way to analyze the system is in terms of a 


single pulse. 


The Fourier integral representation of a nonperiodic function, 


F(t) is^: | 


Ε( = ( 5(0) cos [ et + (о) | do СЕ) 
ο 


Goldman, S., Frequency Analysis, Modulation and Noise, McGraw- 
Hill, New York, 1948, pp 134-135. 


“Goldman, S., op. cit., pp 53-56 
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Sto) with phase Oto) is the spectrum of the function Fit) 
5[σ) and Mig) are given by the expressions: 
| Nm -b 
г 2 Е ИТА... σ 
Sio) а (9) + b (а) š Ot o) υπ (32) 
ее ` 
l ( E ot dt 
re с = 08 στι 
where a(g) = = Epe 
mind 
} a > ΠΤ 
Ха) 3 | F(t) sin σι dt 
- оэ 


Considering the case of a gated sine wave (Figure 17) 


when t <0 


sin Jot when 0<t<t, 


(t) 
0 ; when t >t, 
ty 
Ug) = aem Gt) (cos t) dt 
° 
а cos (о cort l*- cos lo, + аи ` 
аға ааа нон нда y ш A (33) 
т 2(% - 0) à (в + а) 


t . 
Ὀ(σ) = ( (sin сої) (sin at) dt 
о 


+ sin (95 - 9)t, ў sin (0, + o)t, 
2G) eris act 2 (so + o) i 


Part of the spectrum of a | microsecond pulse of 3. 3 mc. 
(Figure !7) was computed using these expressions. The result of this 
computation is shown in Figure 18. The computation was not carried 
any further because of the amount of labor involved. It is hoped that 
ultimately the digital computer can be programmed so that these for- 
mulas can be evaluated for a range of pulse duration and for several 


different carrier frequencies. 
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2.2.3 Principle of Stationary Phase. 


Given an integral of the type 


Fit) ET +О (а) | ас 


Q 


where Ха) varies much more slowly with respect to а than 
cos [ot + О а) | does The principle of stationary phase is that under 
these circumstances there will tend to be calcellation of the integral 
over those ranges of integration where cos | ot +9 а) | is positive by 
the integral over those ranges of integration where cos [ot + Og) las 


negative except where 


ds, 


Points such as this where the argument of the cosine does not vary with 
respect to the variabie of integration are called points of stationary 
phase. The principle of stationary phase can be applied to indicate the 
approximate location in time of a signal, ΕΙ) ΡΥ carrying out the dif- 


ferentiation indicated above and solving for t; so that 


ао 
dae (35) 





As 4n example, consider the 3. 3 mc. pulse of one microsecond dura- 


tion considered above. From Figure 18, it may be seen that 


:dO +m/2 radians 
—— м 0.5 microseconds 


dc 500,000 > 2 r radians, sec. 


which is indeed the approximate location of the pulse, since it was 


originally assumed to extend from t = 0 to t = 1 microsecond. 


2.2.4 Phase Velocity and Group Velocity 


Phase velocity 1s defined as the velocity with which an individ- 
ual wave crest travels. Group velocity is defined as the velocity with 
which a group of waves travels. In Figure 19 is shown an r-f pulse of 
four cycles at some time, t, and at some later time, to. In the inter- 
val tz - t, the pulse has traveled a distance (t; - tı) Vg where Мр is group 


eae ATUS COR аға š 
Goldman. S. ο. ο, рр ме. 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 


34 


Ел 


6! 3нп913 


—ARMM— 
My 


| 
| 


| 
| 
| 
7 pert fe 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 





velocity. In this same interval of time the wave crest b, for example, 
has traveled the distance (t - tj)V where V is phase velocity. During 
this interval, the wave crest designated "а" has moved to the front of 


the group, disappeared, and reappeared at the rear to start moving 
towards the front of the group again. The case shown is the one in 
which the group velocity is less than the phase velocity. When the group 
velocity is greater than the phase velocity, the individual wave crests 
niove toward the rear of the group, disappear, and reappear at the front. 


Ihe principle of stationary phase discussed above can be used to 
derive the formula relating phase and group velocity. The expression 
for a traveling plane wave of one frequency traveling parallel to the x 
axis 15 


> ( 
V ) (36) 


Acos a(t -- 
However, the r-f pulses discussed above are made up of spectra of 
frequencies; furthermore, V is a function of frequency Writing equa- 
tion 3l ina torm corresponding to equation 36, 

са 
F (s = )d 
| so(t-— с, 
α)- | 50) cos ett - da, 
O 
and applying the principle of stationary phase to locate the pulse in 
time one obtains: 
] а ау 
— — 
М V Чо 


Since by the definition of group velocity, Ve 





Vo AR amdesinmee e =s g v 
τν ЧЕ 
itis ο κατ πας ο σας nd that 
B do 
Ue 37 


А МЕЕ 
= FOIE an Y Сей M h 
8 d £ а atr 
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dv 
dV ᾿ dí -V 
i FB фа | 
у|ш íf ¿av 
3E ose 


l Ee | 
ΗΕ AE A (38) 
TENA 
d (fd) 


To normalize this expression with respect to shear wave veloc- 
ity, let Von = Vg, Vs and since Vn = V Vs and (fd), - fd/ Vs, equation 38 


may be writici 


| E 
Vanesa oues m xcd (39) 
. fd) Vn | 
( паши | 


which is the equation used to compute the normalized curves of group 
velocity versus frequency-thickness product shown in Figure 15. 


го tae e Velocity 


As used in this report, the trace is defined as the intersection 
of the incident wavefront with the upper surface of the plate. The veloc- 
ity with which the trace travels across the plate is defined as the trace 
velocity. The purpose of this definition is to differentiate between this 
velocity, which is a function of only the incident angle and the medium 
in which the incident wavefront exists, and the phase velocity, which is 
a property of the Lamb wave itself and is a function of the frequency, 
and the material and thickness of the plate. 


The following derivation is intended to convey an intuitive con- 
cept. Itis not rigorous but it is thought that a rigorous derivation may 


evolve from it. 


In Figure 20 is shown an enlarged view of a wedge, a trans- 
ducer, and the underlying section of plate. The intersection of the beam 
with the surface of the plate has a length shown as the interval from 
х= Оюх=х,. The effect of the incident wave front in inducing a Lamb 
wave in the plate is represented by an average force, F, acting normal 
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FIGURE 20 
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to the trace and moving with it across the plate. When the trace and 


phase velocity are exactly equal, the amplitude of the Lamb wave 
induced in the plate will be proportional to the product Fx, = Eo. When 
the phase and trace velocity are not exactly equal, the force, F, and 
the Lamp wave gradually get out of phase as they travel across the 
plate. The phase difference between them is given by 


ZU ES. 
| ¿mf ¿nf 
0 πε where 


VT - Trace velocity and V = phase velocity 


H VT is slightly less than Vor Ут = V- AV 


The effectiveness of the incident wave in inducing à Lamb wave 
in the plate is now given by 
δι 
E | Е cos бах 


о 


T ту AV 
et m TEN ST 


ΧΙ 
then E ( Е cos (mx) dx 


О 





TE sin Imo) 


E 
m 
sin (mxj) 
so that E E = ——- E 
mx, 


The assumption that the transducer is rectangular rather than 
round is implicit in the above derivation. The efficiency of a round 
transducer such as was actually used in the experimental work will 
fall off less steeply with respect to the difference between phase and 


trace velocity. 


In practice, the frequency is usually adjusted for maximum ef- қ 
ficiency; however, the frequency сап be varied somewhat about the 


point of maximum efficiency before there is a large change in efficiency. 
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EXPERIMENTAL WORK 


3.1 Introduction 





Some of the experimental work performed during the earher 
part of this project was intentionally chosen to overlap the work of prior 
investigators. By this means it was possible for the authors to acquire 
confidence both in their qualitative understanding of Lamb Waves and in 
their apparatus, which differed somewhat from that of previous investi - 
vators. The most important respect in which their apparatus differed 
was in the use of lucite wedges for obtaining the desired angle of incidence. 
Firestone and Ling used Y-cut quartz crystals and Worlton used immer- 


sion techniques. 


3.2 Apparatus and Materials 


The functional block diagram of the electronic apparatus 15 
shown in Figure 21. The requirements of the various Components are 
as follows’ The gate pulse generator must supply a single-polarity pulse 
of variable duration and pulse repetition frequenc y and of sufficient am- 
plitude to fully enable the pulsed oscillator, The pulsed oscillator should 
begin oscillating after 1t receives the gate pulse and continue to oscillate 
throughout the duration of the gate pulse at a frequency determined by its 
internal tank circuit. The primary requirements for the pulsed oscillator 
are that it produce a large amount of r-f voltage with as purely a sinusoidal 
waveform as possible, and that it be capable of being gated to produce pulses 
of variable duration The transducers should have as high a power conver- 
sion efficiency as possible which implies a high electromechanical coupling 
factor. The pre-amplifier should have as low a noise factor as possible. 
The attenuator 1s used for making measurements of insertion loss and con- 
sequently should be a precision attenuator. The amplifier should provide 
as much gain as can be used without overdriving the oscilloscope; noise 
factor should not be critical since it is assumed that the pre-amplifier has 
already amplified the signal to a level considerably above the noise level 
of the amplifier. The oscilloscope must have the proper bandwidth and a 
selection of sweep speeds. The wave meter is for providing a permanent 
frequency reference so that any change in oscillator calibration can be 
determined. The required bandwidth to the 3 db points of th? overall system 
about the carrier frequency 1s given by the empirical formula: 

Ge 


ВАМ =— ; 
а νε. 
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The components actually used were as follows The gate pulse 
generator used 15 an Electropulse Model 41 20А variable pulse generator. 
The pulse duration of this pulse generator 1s variable from 0. 3 micro- 
эс. onds to 100 microseconds. and the pulse repetition frequency 18 vari- 
able from 33.3 cps to 330 ke. The pulsed oscillator used is an Arenberg 
PG -650-C which has a rated r-f output of 0- 300 volts for a rated pulse 
length of 2.5 to 10 microseconds. When the pulse length 1s made 100 
microseconds by the use of an external pate pulse, the r-f output 1s some- 
what less than this. The PG-650-C has an internally generated gate pulse 
which was also used at times on this project; however, it was often de 
sirable to use a pulse longer than 10 microseconds to narrow the frequency 
spectrum because of the fact that Lamb waves are dispersive The trans- 
ducers used are Branson type Z- 5 inches in diameter. One pair of trans- 
ducers was obtained for each of the frequencies of 0.5 më., 1.6 me., 3,3 
mc and 10 me. The pre-amplifier used consists of two Hewlett-Packard 
(үре 460A wide band amplifiers in cascade. These amplifiers each have 
20 db gain and have a rated noise factor of tess than 10 db. The bandwidth 
15 ten times аз great as 15 required for this particular application, but 
they were already оп hand when the project commenced. The only dis- 
advantage that these amplifiers possess for this type of work 1s that they 
are designed to be used with a special 200 ohm coaxial cable which is 
physically large and might be somewhat inconvenient 1n a practical test- 
ing situation; although, it was satisfactory in the laboratory The attenu- 
ator used 15 an Arenberg type No. ATT 693 precision attenuator, which 
has a range of 0-122 db in ] db steps at an impedance level of 93 ohms 
with a rated maximum absolute error of | db. The amplifier used is a 
Tektronix type No. 121 wide-band oscilloscope preamplifier with a voltage 
gain of 40 db and a pass band of 5 cps to 12 mc. The oscilloscope used is 
a Tektronix type No. 545 equipped with a type No. 53/54C dual-trace pre- 
amplifier. The combination has a bandwidth of 24 mc.; the calibrated 
sweep range extends from 5 sec./cm to . 02 p sec percm. The wavemeter 
was constructed using quartz crystals resonant at 0. 5000 mc., 1.6000 mce.. 
3. 3000 me and 10,000 mc. А circuit diagram is shown in Figure 22. 

The 3600 ohm resistor is to protect the crystals from being cracked by the 
full output voltage of the pulsed oscillator. When the duration of the pulse 
15 ten mcroseconds its frequency spectrum is so broad that very little 
change can be noted in the amplitude of the pulse at the output of the wave 
meter. However, the energy stored in the crystal during the pulse is very 
much a function of the carrier frequency and consequently the magnitude of 
ringing after the cessation of the pulse 1s maximurn when the carrier fre- 
quency is equal to the resonant frequency of the crystal. Figure 23 shows 
the waveform at the output of the wave meter for pulses of 10 microseconds 
with carrier frequencv appreciably different from the resonant frequency 
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of the crystal (upper waveform), ! 0 microseconds very near resonance 


(middle waveform), and 170 microseconds very near resonance (lower 

waveform). The finished wave meter chassis may be seen in the back- 

ground of Figure 24. The wave meter was used to obtain an experimenral . 
estimate of the width of the spectra of pulses of various lengths. То do 
‘this, the oscillator frequency was varied and the amplitude of the "tail" 
at the end of the pulse was plotted as a function of oscillator dial reading. 
This is shown in Figure 25; the range of dial readings of 74 to 94 shown * 
corresponds to a variation in frequency from 3 06 mc. to 3. 38 mc. 

These curves give a good indication of the frequency spectra even though 
the response of a fixed-frequency wave meter as the oscillator frequency 
is varied is not the same as the response of a variable -frequenc y wave 


meter as it 18 tuned over the spectrum of a given pulse. 


Photographs of waveforms were taken on Polaroid type No. 46-L 
Land film using a Dumont type No. 302 oscillograph recording camera. 
This type of film yields positive transparencies which were filed Ozalid 
copies were made for pasting in the laboratory notebook. 


The transducer positioning clamp (Figure 24) was constructed at 
Denver Research Institute for use in other ultrasonic investigations, and 


proved satisfactory for the present project. 


Two sizes of test plates were used. The experiments described 
in sections 3. 3 thru 3. 9 were made using plates of starrett type No. 496 
precision ground stock 10" X 18" in the thicknesses 1/32", 1/8", 3/16", 
1/4", 5/16", 13/32", and 1/2". This stock is supplied to a tolerance 
of +,001", Experiments using test plates of this size showed that a 
smaller plate should work equally well, as no echoes were received 
from the sides of the plate, The smaller sıze of test plate is 2" X 10". 
Nine of these are obtained by cutting one of the 10" X 18" plates. Since 
the plate should be bounded by air on both sides, а frame was constructed 
for each of the two sizes of plates. These frames were made by bending - 
а Пр оп each of four strips of aluminum and joining them with angle 
brackets which projected slightly above the plate. The frame for the 
large plates may be seen in Figure 24. 


Іп order to excite Lamb waves in the plates it was desired to 
project an incident longitudinal wave at varying angles of incidence. - 
Since the first asymmetrical mode may have phase velocities that range 
all the way from zero to Rayleigh wave velocity, 1t was desirable to have 
a medium for the incident wave with as low a longitudinal velocity as 
possible, since the trace of the incident wave front cannot have a velocity 
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any lower than the longitudinal velocity in this medium. It was also 
desired to use solid wedges for this purpose, since there 13 little men- 


tioned in the literature about the use of wedges for the excitation of 

Lamb waves. Lucite was used for most of the wedges. The lucite wedges 
were cut from |. 25" square stock on à precision miter box. The wedge 
angle, as the termas used in this report, 15 equal to the angle of inci- 
dence of the sound beam m 'азиге from the normal. In order to keep 

the transducer positioned over the same part of the wedge at all times, 
aluminum plates were attached to the wedges with machine screws, and 
each plate had a hole punched in и which was of the same diameter аз 

the transducer. In order to keep the transducer in contact with the wedge, 
springs were attached to the wedge with machine screws at one end and 
ooped over projections on ап aluminurn fitting at the other (Figure 24). 

In order to obtain lower phase velocities than could be obtained with 
lucite, some wedges were cut from polystyrene which has a lower longi- 
tudinal velocity. Since the cost of obtaining 1. 25" square polystyrene 
stock was prohibitive, wedges were made which were only 25" wide 

and which were quite satisfactory (Figure 26). 


The couplant used was ordinary motor oil 
Ва IDEE 


Since in using longitudinal and shear waves of ultrasound in 
nondestructive testing it 1s usually possible to understand the situation 
in terms of ray diagrams, it was thought worthwhile to try to apply them 
to the problem of the transmission of ultrasound along plates. If the 
plate 1s sufficiently thick and the angle of incidence exceeds the critical 
angle for longitudinal waves, the situation is as pictured in Figure 27 
The sound may be received only at discrete intervals along the plate and 
(within the plate) it will be delayed with respect to the transmitted pulse 
an amount equal to 2nd/VgcosO where nis the number of times the sound 
has been reflected from the bottom surface of the plate, d is the thick- 
ness of the plate, and 015 the angle that the ray makes with the normal 
to the surfaces of the plate. If the plate 1s made half as thick the only 
effect is to cause the sound to be reflected from the bottom twice as many 
times as shown in Figure 28. It 1s intuitively clear that 1n neither of 
these cases is the waveform or the delay time dependent upon frequency. 
In Figure 29 is shown the effect of making the plate very thin, so that 
many reflections of the two rays shown occur at the interface between the 
plate and the receiving wedge. It appears that the frequency willnowhave 
to be considered since the transmission of sound from the transmitting 
wedge to the plate will be good only when there is constructive interference. 
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FIGURE 28 





FIGURE 29 
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3.4 Plate Thickness 


If itis assumed that the frequency has been adjusted so that optimum 
transmission occurs from the wedge to the plate, then by symmetry 

the condition for optimum transmission from the plate to the receiving 

wedge is also satisfied. Since the ray from the right side of the trans- 7 
mitting transducer now produces а гау at the left side of the receiving 
transducer, the above formula for delay time is no longer accurate 

for short distances. Furthermore, since each ray from the trans- 
mitting transducer produces several rays at the receiving transducer, 
some stretching of the pulse is to be expected. However, it appears 
that the delay time should not vary with frequency. The experiment 
performed to test this simple ray theory consisted of using a plate of 
aluminum .0502 inches thick and two lucite wedges placed as in Figure 
29. The wedges were cut so that the angle of incidence in the lucite 
would be 25. 3° which is slightly greater than the critical angle for 
longitudinal waves in aluminum. Figures 30 and 31 show the effect 

of varying the frequency while holding the distance between transducers 
constant. There are three exposures on each photograph. The upper 
waveform of each exposure is the output of the wave meter and is shown 
to indicate the time at which the pulse was applied to the sending trans- 
ducer. The lower waveform of each exposure is the amplified pulse 
from the receiving transducer. [n both of these photographs, the upper 
exposure was taken at 3.44 mc., the middle exposure was taken at an 
intermediate frequency and the lower exposure was taken at 2. 28 mc. 
In Figure 30 the separation between wedges was 1. 64 in., in Figure 31 
the separation between wedges was 3.68 in. 


It is clear from these photographs that the delay time varies 
with frequency. The group velocity as predicted on the basis of a 
multiply reflected shear wave is equal to Vs sin@ If the numerical 
values are substituted in this case, the calculated group velocity is 
51,200 in. /sec. By measuring the delay at the two different values 
of transducer separation and dividing the difference in delay by the 
difference in separation, the group velocities at 2. 28 mc. and 3. 44 mc. 
were found to be 125,100 in. /sec. and 163,000 in. /sec. respectively. 
The ratio of measured velocity to calculated velocity is thus 2.5 at 
2. 28 mc. and 3. 3 at 3. 44 mc. which shows that the propagation of 
ultrasound in this plate can not be explained in terms of ray theory. 


An effort was made to determine how great the thickness of a 
plate must be relative to a wavelength before it ceases to act as a plate. ` 
A piece of magnesium 1. 22 " thick was tested to find out what to expect 
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from a very thick plate. Using 35° wedges and a frequency of 2, 25 mc., 
the distance and time between successive reflections were found to be 
5.30 cm. and 27 microseconds respectively. These values agreed with 
the calculated values of 5. 32 «m. and 26.8 microseconds. Figure 32 
shows how the waveform changes as the ‘distance between transducers 

is increased The upper trace of each exposure 1s the output of the wave 
meter to show the time of the transmitted pulse In the upper exposure, 
the distance between transducer supporting rods was 9. 3 ст , in the 
middle exposure, the distance between transducer supporting rods was 
12.1 cm. and the lower exposure, the distance between transducer 


supporting rods was 14.6 ет. 


The 1 2" thick steel plate was investigated next and was also 
found to act as an extended solid bounded by two parallel planes which 
repeatedly reflected the sound back and forth between them. The 5/16" 
plate behaved in this manner as did the | 4" plate. The distances be- 
tween the transducer supporting rods for six successive points of max- 
imum amplitude on the | 4" plate using 35° lucite wedges were found 
to belli Cine ОО. ορ ni 3:58 cms ο 78 icin, and 
18.12 ст. The differences between successive points are thus 1. 23 
επι. МО. cbc. de бе. ἀπ]. 38 ey. which ayerag св 
1.27 ст. This agrees with the calculated value of | 2] cm. within the 
limits of experimental error. Figure 33 shows the waveforms obtained 
`n this case. The upper exposure shows the received pulse when the 
transducer supporting rods are separated by 13. 90 ст. ; the middle 
exposure shows the received pulse for a separation of 15. 30 em: with 
transmitting transducer ап the same position as in the upper exposure. 
The lower exposure shows the reccived pulse with the time scale ex- 
panded. The lower waveform in each exposure is the output of the 
wave meter. When this same experiment was performed on the 1/8" 
plate, the successive reflections tended to blend into one another, and 
the group velocity seemed to change as the frequency was varied. The 
1/32" plate definitely acted as a plate. No recognizable reflections 
were observed, and the group velocity changed as the frequency was 
varied. The 1/32" plate is approximately one wavelength thick and be- 
haved as a plate; whereas the 1/4" plate is eight wavelengths thick and 
behaved as an extended solid bounded by two parallel planes. The con- 
clusion drawn 15 that this apparatus produces Lamb waves when the 
thickness of the plate is of the order of one wavelength, and reflected 
shear waves when the thickness of the plate is an order of magnitude 


greater than one wavelength. 
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Figure 34 was taken using the 1 /8" plate with 20* lucite wedges 
and a separation between transducer supporting rods of 21.6 cm. The 
upper waveform was taken at 3. 04 mc., the middle waveform was taken 
at 3. 14 mc. , and the lower waveform was taken at 3 23 mc. The time : 
scale for all three waveforms was 20 microseconds per division. The 
second pulse results from Lamb wave propagation and the group velocity 


clearly varies with frequency $ 
3.5 Beam Divergence 


In the above discussion, it was assumed that there was no beam 
divergence. Interms of ray theory, the angle from the axis to the most 
divergent ray when the transducer can be considered to be a circular 


piston (Figure 35) 1s sometimes assumed to be given by the formula 
TN 
О sin (.61 X) 
r 


where X 15 the wavelength and ris the radius of the transducer This 


formula actually gives the angle to the first zero of the Fraunhofer 


diffraction patiern. When interpreting the situation in terms of rays, à 


the Fresnel zone and the secondary lobes of the Fraunhofer pattern are 

frequently ignored However, if the above formula is used to calculate 

the magnitude of beam divergence, some insight is gained into the rea- : 
son for obtaining the type of waveforms shown in Figures 36 and 37 

In Figures 36 and 37, the frequency was 2 41 me., the wedge angles 

were 40°, and the plate thickness was 0. 25 in. The lower exposure in 

each case shows the output of the wave meter in addition to the received 

pulse The middle exposure shows the received waveform when the 

pulse width is 15 microseconds; the upper exposure shows the received 

waveform when the pulse width is 2 5 microseconds. In Figure 36, the z 
separation between transducér supports was 25 0 ст In Figure 37, 

the separation between transducer supports was 10.9 cm. As the trans- 
ducers were moved further apart, a greater number of pulses were con- 

tained in the received waveform. At first it was thought that these dif- 

ferent pulses represented different modes of Lamb waves traveling 

with different group velocities so that the different modes lagged behind ° 
one another more and more as they traveled along the plate. However, 

if this were true it should be possible to see a given pulse gradually 

separate into two different pulses as the transducers were moved fur- 

ther apart. This effect was not observed and it was decided that this 
phenomenon could be explained in terms of beam divergence. If Ọ is 

computed, using the above formula at 2 41 mc. for lucite anda .5 in. 
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diameter transducer, it is found to be 6.13°. Then if the largest and 


smallest angles of refraction in steel are computed for an axial angle of 


incidence of 40°, they are found to be 60. 2° and 41.9* respectively. The 


angle of refraction of the axial ray is found to be 50 5%, When an attempt 
was made, using these angles, to make a graphical construction which 
would explain the phenomena shown in Figures 36 and 37 it was not suc- 
cessful. However, it was found that if a smaller angle of beam diver- 
gence is assumed, Figures 36 and 37 are well explained by beam diver - 
gence The smaller angle of beam divergence does not actually con- 
stitute an anomaly because, as explained above, the formula used is not 
strictly applicable. Тһе resulting scale drawing is Figure 38. This 
figure shows the two extreme rays which were found graphically to be 


3. 8° on either side of the axial ray which is 50. 5° from the normal. 


Each reflection of the beam takes place over an area of the sur- 
face of the plate which is bounded by an ellipse. The larger the number 
of times the beam has been reflected, the longer is the major axis of the 
ellipse. In Figure 38, the distances which have been marked 3rd, 4th, 
llth, etc. are the lengths of the major axes of the ellipses bounding the 
3rd, 4th, llth, etc , reflections respectively, It may bt seen from 
the figure that when the separation between transducer supports is 10 9 
cm. the receiving transducer covers parts of the 3rd, 4th, and 5th re- 
flections resulting in the three pulses of Figure 37. When the separation 
between transducer supports is 25 Ocm., the receiving transducer 
covers parts of the llth, 12th, 13th, 14th, 15th, and 16th reflections 
resulting in the six pulses of Figure 36, 


Thus it was possible to explain Figures 36 and 37 in terms of 
beam divergence and the angle from the axis to the extreme rays was 
found to be 3 85 


3.6 Experimental Verification of the Period Equation 


A check was made using Worlton's curves of phase velocity 
versus frequency-thickness product for aluminum to make sure that the 
experimental techniques of the authors were equivalent to his 1n spite 
of being somewhat different. The 10 mc. coil and transducers and the 
35* wedges (giving a trace velocity of 185, 000 in. /sec.) were used with 
the . 0502 in. plate. A mode was found at 7. 72 mc. which, in terms of 
frequency-thickness product, is 7. 72 X 105 x 0502 = 3.87 X 10? in. - 
cycle/sec. This proved to be the third symmetrical mode The fourth 
symmetrical and fourth asymmetrical modes also checked. Since 
Worlton bas verified more than 50 points on these curves, this check 
was thought to be adequate. 
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3.7 Measurement of Group Velocity 


There is an inherent uncertainty in the measurement of group 
velocity. Since Lamb waves are dispersive, the different components 
of the pulse travel with different velocities, Consequently the trans- 
mitted and received pulses do not have the same shape. Therefore, 
some arbitrary criterion must be established for deciding at what point 
in time a given puise occurs. In the following, the time at which a pulse 
occurred was taken to be the time at which its leading edge reached 50% 


of the maximum voltage attained. 


The method used for measuring group velocities was to set the 
transmitting and receiving transducers close together and measure the 
distance and delay time; the transmitting and receiving transducers were 
then moved further apart, and the distance and delay time were again 
measured. The difference between the two distances divided by the dif- 


ference between the two delay times is the group veloc ity. 


The results of the group veiocity measurements are shown in 
Table [ along with the values obtained form the computed curves (Figure 
15) The variance due to experimental error in these measurements 
of group velocity was computed by first computing the estimate for each 


qm 
of the seven pairs of measurements using the formula ; © (xi - x) 


(n - 1) 


d 
where, in this case, x is the average group velocity and n= 2. Seven 
such values were thus obtained which were averaged to obtain the 


estimate of the variance due to experimental error. 


The variance of sample averages for samples of size two will be 
one-half of this variance, and the corresponding standard deviation of 
the sample averages due to experimental error was found to be 659 in, 
sec. The calculated values of group velocity for the first and second 
symmetrical modes agree with the average experimental values within 
three standard deviations. The calculated value for the fifth symmet- 
rical mode does not agree quite so well; however VL/VS for steel is 
actually 1. 845 rather than 1.8 and the rate of change of group velocity 
with respect to frequency-thickness product is fairly large for the 5th 
mode at a frequency-thickness product of , 934 X 10? in. -cycle/sec so 
that a slight shift of the curves would cause a relatively large error in 
velocity. If another set of curves for Vj,/Vg = 1.85 were available it 
would be possible to interpolate and obtain an accurate calculated value. 
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The data of Table II were taken at a latter date than the data of 


Table I and consequently are tabulated separately. The standard de- 

viation of the sample averages due to experimental error was computed 

as described for Table I and was found to be 925 in. /sec. Of the eight . 
values of calculated group velocity which could be read from Figure 15, 

five do not agree with the corresponding experimental value within three 

standard deviations. The most likely explanation of the discrepancies 

is again the fact that the ratio of longitudinal to shear velocity for steel 

is not 1.8. In the worst of these eight cases, the discrepancy 18 11%. 


Measurements were made on thicker plates as well, but и was 
determined that the modes of vibration in the thicker plates were de- 


finitely not Lamb waves. 


In order to study the first asymmetrical mode, the 1/4" poly- 
styrene wedge described previously was used. The wedge angle was 
60“; this gives a trace velocity of 1.027 X 10% іп, /sec. A rough meas- 
urement showed the group velocity to be 1. 5 x 105 in. /sec. at the fre- 
quency-thickness product used. This seemed, at first, to be unusual, 
since for all other modes the phase velocity always exceeded the group 
velocity. However, there is no reason why group velocity cannot exceed 
phase velocity. Inthiscaseofthe first asymmetrical mode at a phase 
velocity of 1.027 X 10* in. /sec., the value of group velocity calculated 
from data taken from Worlton's curves for stainless steel is 1. 2 X 105 
in./sec. This agrees closely enough considering that only a rough 


measurement was made. 
3.8 Some Atypical Waveforms 


Figure 39 is typical of the pulses received. Most of the other 
photographs described in this section were taken because the wave- 
forms depicted were more or less anomalous. In Figure 40 1s shown 
the waveform resulting from exciting the second symmetrical mode in А 
the 1/32" steel plate using a 15° wedge at 3.44 тс. The upper and 
lower exposures show the pulse received when the plate was excited 
with a 15 microsecond pulse, and the middle exposure shows the pulse 
received when the plate was excited with a 2.5 microsecond pulse. It 
1S easily seen from Figure 14 that the curve of phase velocity versus 
frequency-thickness product is vertical for these values (phase velocity - 
= 4.08 X 10? in. /sec.,*fd = 1.075 X 10% cycle-in. /sec.) and that con: 
sequently the variation of phase velocity over the spectrum will be very 
large so that one can expect an extremely large amount of distortion, as 
is evident in Figure 40. As usual, the lower trace in the middle πα 


lower exposures is the wave meter output. š 
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In Figure 41 is shown the waveform resulting from exciting the 
second asymmetrical mode in the 1/32" steel plate. The trace velocity 
was 4.08 X 10° п. /ѕес, and the frequency-thickness product was .769 x 
10*5in.-cycles/sec. In the upper and middle exposures the driving 
pulse was of 15 nucroseconds duration, and the lower exposure the 
driving pulse was of 2. 5 microseconds duration. И 13 very evident that 
the 2.5 microsecond pulse has been stretched to about ten times its 
original duratvon. И was suspected that this effect might be due to re- 
verberation within the plastic wedge. That this is not the case is shown 
by Figure 42 which was taken under the same conditions as Figure 41 
except that the wedge was made as shown in Figure 44 instead of as 
shown in Figure 43 and the attenuation was decreased to compensate 
for the added lucite. Figure 45 15 the same as Figure 40 except that 
the trace velocity was increased to 6 08 * 10° in. sec. by using a 10 


wedge instead of the 15° wedge used when taking Figure +0. 


Figure +6 was taken using the 1 32" plate, a trace velocity of 
6.08 * 105 іп. sec., and a frequency of 2. 72 mc. In the upper and 
middie exposures, the driving pulse was 15 microseconds; in the lower 
exposure, the duration of the driving pulse was 2.5 microseconds. This 
appears to be a clearly defined mode but it falls between the curves for 


the first symmetrical and first asymmetrical modes. 


Figure 47 was taken using the | 32" plate, a trace velocity of 
6. 08 * 10%1n. sec., and a frequency of 2. 34 mc The driving pulse 
was 15 microseconds in the upper exposure and 2. 5 microseconds іп 
the middie and lower exposures. Ц appears that this may be the second 
asymmetrical mode. The received waveform when the plate was excited 
with a 2. 5 microsecond pulse was actually stretched out over a longer 
period of time that when the plate was excited with a 15 microsecond 
pulse. Possibly, the wide spectrum of the 2.5 microsecond pulse was 


exciting more than one mode. 


The pulsed oscillator was connected to the external gate pulse 
generator so that a longer pulse could be obtained. Figures 39 and 48 


show the effect of pulse length on the waveform of a received Lamb wave. 
The upper exposure of Figure 39 was taken with a pulse length of 10 micro- 


seconds, the middle exposure was taken with a pulse length of 90 micro- 
seconds, and the lower exposure was taken with a pulse length of 170 
microseconds. The upper exposure of Figure 48 was taken with a trace 
velocity of 1.03 X 10? in. /sec. (60° polystyrene wedge) at a frequency- 
thickness product of . 712 X 10% cycle-in. /sec. (1/32" steel plate). This 
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18 the first asymmetrical mode. This pulse passed through several Я 


maxima and minima аз the frequency was varied; this was attributed 

to the shape of the frequency spectrum. The second exposure of Figure : 

48 was taken at a trace velocity of 1.03 х 1015 in. /sec. and frequency- : 
thickness product of 1.03 X 10° cycle-in. /sec. , and shows that there 

is essentially no transmission of sound through the plate at this fre- 

quenc y-thickness product and trace velocity. (The lower waveforms 

are the output of the wavemeter.) 


3.9 Unexplained Modes 


An anomalous mode was noticed while using the 60° wedges with 
the 1/8" plate in the 3 ме. region This is shown in Figure 49. The 
upper exposure was taken at 2. 34 me , the middle exposure was taken | 
at 2 74 mc., and the lower exposure was taken at 3. 32 mc. The in- 
cident angle exceeds the critical angle for both shear and longitudinal 
waves, so that these pulses are not the result of multiply reflected 
shear waves. The frequenc y-thic kness products are thought to be too 
great for the first asymmetrical mode to be excited with this trace 
velocity. Figure 50 1s similar except that the plate used was 1/4" thick, 
the frequency was held constant at 3. 3 mc. and the receiving wedge 
was varied. The upper exposure of Figure 50 was taken with a 15° re- 
ceiving v.edge, the middle exposure was taken with a 25° receiving 
wedge, and the lower exposure was taken with a 35° rec eiving wedge 
The transmitting wedge was 60 in each case. (Lower waveforms are 


the output of the wavemeter.) 


It was also found that when a 35° wedge was used on the receiver 
and wedges with angles of 10°, 20°, and 45° were used on the trans- 
mitter, it was always possible to obtain a pulse at the receiver. The 
amplitude of the pulse received using unmatched wedges was about 1/5 
of the amplitude received when both the transmitting and receiving 
wedges had angles of 35 . A 


3 10 Experiment on Slotted Plates 


3.10.1 Objectives of the Slotted Plate Experiment 


In order to obtain data which might indicate possible applications : 
of ultrasonic lamb waves in the nondestructive testing of sheet and 
plate metals, an experiment was conducted using plates having highly 
idealized flaws. The primary objectives of this experiment were to 
determine whether or not a highly idealized flaw would have a significant 
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amount of insertion loss, and to attempt to correlate the amount of 
insertion loss with the size of the flaw. 


3.10.2 Description of the Slotted Plate Experiment 


The test plates were of steel and consisted of 2" X 10" x 1/32" 
thick pieces of precision ground flat stock, Starrett type No. 496. The 
simulated flaws consisted of various depths of saw cuts, 1/32" wide. 

A typical plate with its saw cut is shown in Figure 51. Nine such test 
plates were prepared from one 10" X 18" X 1/32" steel plate. Saw cuts 
which varied in depth by increments of 0.003" were made in seven of 
these plates, and two were left without saw cuts to serve as reference 


plates. Letters were painted on thc plates for identification as follows: 


Plate Depth of 

Designation Saw Cut 
A 0. 005^ 
B 0.006" 
2: 0.009" 
D 0. 016 
E 07015 
Е UOS" 
G ο ος 
H 0.000'' 
I 0.000" 


The thickness of each plate was measured at each of the six 
positions shown in Figure 5l. These thickness measurements are given 


in Table III. 


3.10.3 Insertion Loss of Saw Cuts 

The experiment performed on these plates consisted of comparing 
the transmission of Lamb waves through plates without saw cuts with 
the transmission through plates with saw cuts. In general, the effect of 
the saw cut was to alter the shape and power level of the received pulse. 
The change in power level was measured by introducing ehough attenua- 
tion with the precision attenuator so that the signal level at the input to 
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Plate 


A 


TABLE III 
Position Thickness 


| 0.0334" 

2 0.0326 
0.0335 

4 0.0334 
0 
( 


Ave 


. Thickness 


. 0334 


. 0330 


„0330 


„0330 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 





G 


FABLE HI (Continued) 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 


73 


the oscilloscope was 0.18 volts peak-to-peak. (If the pulse shape was 
distorted so that the top of the pulse was not flat, the 0.18 volts was 
measured across the average envelope of the pulse). This amount of 
attenuation was recorded so that, for example, a signal recorded as 45 
db was ata higher power level thana signal recorded as 44 db. 


In order to minimize the experimental error a standard technique 
was adopted for obtaining acoustic coupling from the lucite wedges to 
the plate. This procedure consisted of applying a spot of oil the size of 
a penny beneath each wedge, applying enough pressure so that some oil 
was squeezed from beneath each wedge and wiping off the excess in front 
of the wedges. In order to determine the number of readings to average 
so that experimental results would be known within approximately £1 db, 
forty readings were taken using this technique. A frequency histogram 
of these forty readings 1s shown in Figure 52 and indicates that the ex- 
perimental error has a normal distribution. Thus 99.7% of all meas- 
urements made using this technique should fall within plus or minus 
three standard deviations. The variance of the sample was computed 
from the formula Š 


An unbiased estimate of the variance of the parent population 1s n/(n-1) 
times the variance of the sample and this was found to be 1.05 db? so 
that the standard deviation of the experimental error is the square root 
of this or 1.024 db. Thus 99.7% of all measurements should fall within 
+ 3.072 db of the correct value. Better results can be obtained by taking 
a number of readings and then averaging them. The standard deviation 
of sample averages is 1 /\п times the standard deviation of individual 
measurements; so that in this case it was necessary to take ten meas- 
urements and average them in order that the result wouid be known to 
t] db. 


The procedure followed in this experiment was to measure the 
level of the signal received from a plate with a saw cut and then repeat 
the measurement on a plate without a saw cut. This was repeated ten 
times and the difference was taken between the two averages. This 
difference is the insertion loss of the saw cut. A photograph was taken 
of a typical wave form for each set of measurements. The resulting 
data are given in Table IV. The photographs are described on the same 
page as the corresponding measurements and appear on the following 
page. The attenuator setting at which each exposure was taken is given 


in each case. 


Each mode was investigated at only one point on its curve of phase 
velocity versus frequency-thickness product, and the data obtained are 
therefore characteristic of the mode only in the neighborhood of this point. 
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The results of Table IV are summarized in Table V. 


A complete test was not run with the first asymmetrical mode 
because the special wedge needed to excite it was difficult to use. How- : 
ever a brief survey ind:cated that the first asymmetrical mode behaved 
much as the first symmetrical mode. The second asymmetrical mode 
was not examined as the combination of trace velocity and frequency- 
thickness product necessary to excite it was not obtainable with the 
equipment at hand. For the same reason, no mode above the 5th asym- 
metrical was excited. Some of the measurements required some judge- 
ment in assigning a certain value of amplitude because of the distortion 
of the pulse. The pictures of each measurement show how much uncer- 


tainty was introduced by pulse distortion. 


The authors are not able to give a quantitative explanation of the 


results of these saw cut measurements at this time. 


A qualitative explanation 1s as follows. The energy of the wave 
incident upon the saw cut is concentrated in a single mode which 1s 
determined by the frequency-thickness product of the plate and the 
transmitting wedge used. When the incident wave reaches the first 
thickness discontinuity, mode conversion will, in general, take place 
so that all boundary conditions at the discontinuity will be satisfied. 
When that part of the wave which is transmitted beneath the saw cut 
reaches the other side, additional mode conversion must take place so 
that all three boundaries, two horizontal and one vertical, are satisfied 
If, as was true in these measurements, the receiving wedge is similar 
to the transmitting wedge, the receiver will be most sensitive to that 
mode which was originally transmitted. The energy at the receiving 
wedge which is effective in producing an output voltage will be approx- 
imately equal to the energy which was imparted to the plate from the 
transmitting wedge less the energy which was reflected back down the 
plate in various modes less the energy which arrives at the receiving 
wedge in modes having different phase velocities than the transmitted 
mode. Since the length of the pulse 1n the plate 1s of the order of one 
or more inches, and since the width of the saw cut is only 1/32", a 
standing wave 1s present in the plate below the saw cut; and the width 
of the saw cut is important іп determining its insertion loss. 


The very small values of insertion loss measured for the tirst 
symmetrical mode in plates A, B, and C can possibly be attributed to 
the fact that the saw cuts were approximately a half wavelength wide for 
the first symmetrical mode. The only other mode possible for the region 
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under the saw cut in this case would be the first asymetrical mode and 
if very little energy 1s coupled into this mode, then the insertion loss 


should be very small. 


The higher the order of the mode generated under the transmit- 
ting wedge, the more possibilities there are for mode conversion and 
the more difficult и is to surmise which modes carry the energy be- 
neath the saw cut. 


The case where the transmitted pulse appeared to consist of 
both the fourth symmetrical and fourth asymmetrical modes gave the 
best indication for all of the plates tested. As mentioned previously, 
the standard deviation for single observations 1s about ! db. The com- 
bination fourth symmetrical and assymetrical modes gave an average 
indication 0f 9, 2 db in the worst case. Consequently, one could expect 
a minimum indication of 6 db about 99% of the time, and a typical in- 
dication as shown in Figure 84. { 


The fourth and fifth asymmetrical modes showed considerable 
pulse shape distortion which leads one to think that possibly very high 
order modes would give the best indication. The indication shown іп 
Figure 89 is nearly ideal. 


It 15 clear from Table V that no simple relationship exists be- 
tween the depth of the saw cut and the amount of insertion loss. It 
appears that practical inspection problems may have to be handled on 
a "ро ог no go" basis It appears that ultrasonic inspection with Lamb 
waves 1s capable of indicating 1f there 1s a difference between a given 
plate and a reference plate. It does not appear that Lamb waves used 
in this manner will yield very much information about the difference 
other than the fact that ıt exists. 


3.10.4 Effect of Saw Cut Orientation on Insertion Loss 


It was thought worth while to determine the effect of the orienta- 
tion of the saw cut on the insertion loss. To do this, an unslotted 
reference plate was inserted in the apparatus and the frequency was 
adjusted for maximum amplitude. A slotted plate was then placed in 
the apparatus with its slot up and the amount of attenuation required to 
make the signal level at tne input of the oscilloscope equal to 0.18 volts 
was recorded. The same plate was then turned over and the attenua- 
tion adjustment was again made and recorded. These measurements 
are tabulated in Table VI and the average values are summarized in 
Table VII. 
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In Table VI, the superscript, -1, indicates that the saw cut was ° 






lown, The only mode where а difference too great to be attributed to 






experimental error occurred wasthe Composite fourth symmetrical and 






asymmetrical mode, 1t is likely that more of the energy is carried оп 






ne side of the plate thàn the other in such à mode due to cancellation 





{ the motion on one side and reinforcement on the other. In some cases 






the insertion loss was greatest with the saw cut down while in other cases 








the reverse was true, 
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TABLE VII 


Effect of the Orientation of Test Plates Upon the 
Transmission Loss of Ultrasound- The Trarsmis- 
sion Loss with the Saw Cut Down Referred to the 
Transmission Loss withthe Saw Cut Up-In Decibels 


Mode 2-S 3-S 3-A 4-S-A 

Plate 

A 0.6 0.2 0.7 6.3 
B 1.8 elo 0.5 4.0 
С 2.0 -0.1 -1.7` -5.9 
О 0.6 -0.9 0.1 -13.8 
E 0.0 0:9 -0.7 1251 
F σι} 1459 120 7.8 
С 0.9 -0.4 | Γη -2.6 
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In thé case of p ate C, the insertion loss of the composite fourth 
symmetrical and asymmetrical mode was only 4.7 db when the plate was 
oriented with the slot down. И 3db is subtracted from this to allow for 
experimental error, the minimum indication is only 1. 7 db which pro- 
bably would not be enough ina practical testing situation. However, the 
other saw cuts produced enough insertion loss for this mode so that an 
operator should be able to distinguish them from the uncut plates on the 


basis of the amount of insertion 1088. 


While these measurements were being made, it was noticed that 
the frequency at which à given mode was found differed slightly from the 
frequency of which it was found in the measurements of section 3.10, 3 
This was attributed to not being able to adjust the angles of the position- 
ny clamp exactly the same in both sets of measurements. 


m 


3,11 Experiment on Welded Plates 


Nine oO! T plates were си irom one ο Ефес 1/329 
piece of precision ground flat stock, Starrett type No. 496. Eight of these 
plates were cut in two at the center and the two halves were butt welded 
together. An attempt was made to vary the quality of the welds by vary- 
ing the amount of heat used. The plates were all annealed, including plate 
J which was not cut and welded, and then the weld beads were dressed 
down. Plates J and N are shown in Figure 128, The insertion loss of 
each of these welds was measured following the procedure of section 
3,10. 3, and the data obtained are given in Table VIII. The values of in- 
sertion loss for each welded plate at the modes used are summarized in 
Table Dx 


These plates were destructively tested in a testing machine. In 
order to insure that the plates would break near the middle rather than 
near a jaw of the testing machine, cuts were made in each plate as shown 
in Figure 129. The results of the destructive tests are given in Table X. 


The worst of these plates failed at a stress of only 17% less than 
plate J. The strongest weld was in plate K; however, the insertion loss 
of this weld was rather large for both the third symmetrical and the com- 
posite fourth symmetrical and asymmetrical mode. Plate R was the 
weakest plate and its largest value of insertion loss was 6. 3 db for the 
third symmetrical mode. However, the weakness of this plate was pro- 
bably due to the hole init. Plates M, N and Q had measured insertion 
losses of 15 db or more for one or more modes, so that the correlation 
between weld strength and insertion loss does not seem to be particularly 
good А 
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FIGURE 132 FIGURE 133 
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FIGURE 140 FIGURE 14} 
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TABLE IX 


INSERTION LOSS OF BUTT WELDS IN DECIBELS 


Mode 2-S 3-S 4-S-A 
4.8 11.9 11.1 
-5.9 -0.7 0.4 
-0.1 15.9 17.2 
1.5 16.2 14.0 
3 11.1 9.6 
δ ὦ 5.0 5.1 
6.8 15.0 5.1 
-5.6 6.3 -0.4 
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None of these welds was significantly weaker than the unwelded 
plate. However, the insertion loss of most of them was great enough at 
one or more modes to lead one to think them defective. 


lt is quite possible that if а fatigue test were used in the de- 
structive testing of these plates, the correlation between insertion loss 
and the destructive test results would be better. The fatigue test would 
also be à bette’ criterion of the soundness of the weld. 

3.12 Detection of Flaws by "Scattering" 

Gericke has reported à method of detecting flaws very close to 
the surface! which is illustrated in Figure 154. The transmitter sends 
ultrasound down the test piece, and a flaw such as is shown scatters и, 
so that the receiver picks up a signal when it is over the flaw. However, 
as the receiver is moved away from the flaw the amplitude of the re- 
ceived pulse decreases rapidly. This suggests the use of Lamb waves 
when the test piece is a thin plate, and the experiment illustrated in 
Figure 155 was performed. The 30 lucite wedge was used to generate 
the third asymmetrical mode at 10.6 mc. An exposure was made for 
each of six positions spaced 3 16" apart in the vicinity of the saw cut, 
and this procedure was repeated for cach of the test plates described in 
section 3.10. 2. These photographs are Figures 156-162. Small tuning 
adjustments were made prior to taking each of these photographs, to 
maximize the signal over each saw cut to demonstrate the capabilities of 
the method. There are six exposures in each photograph, The quantity, 
x, 18 the distance between the center of the transducer and the center of 
the saw cut which is taken to be positive when the transducer is to the 
right of the saw cut. The attenuator setting and frequency are given with 
each photograph as well as the time scale. The transducers were clamped 
for these photographs. When the receiving transducer was positioned 
manually, the deeper cuts could be located in this way, but an attempt to 
locate the 0.003" cut was not successful. 


It is not quite correct to say that the pulse is scattered in the 
case of a thin plate since the energy is still confined tc the plate. A better 
explanation, in this case, is that a standing wave 1s set up in the metal 
above the saw cut which results in greater particle displacement than in the 


rest of the plate. 


| Gericke, O.R. Ultrasonic Methods for Near-Surface Flaw Detection, 
Watertown Arsenal, Watertown, Mass., 1959, AD 229387. 
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SUMMARY AND DISCUSSION OF FUTURE WORK 
4.1 Summary 


A bibliography has been compiled which contains one hundred 
and six abstracts of publications concerned with the propagation of 
ultrasound within plates and with related subjects. This bibliography 


is given at the end of the report. 


A survey of the theory oi vibrations of thin elastic plates has 
been given. This survey contains what was thought to be the most 
important aspects of the theory, although it is evident from the bibli- 
ography that 1: does not cover all of the theory which has been devel- 
oped, ln fact no pretense is made that all of the theory and experi- 
mental work represented by the bibliography could possibly be assim- 


ilated in the amount of time which was available, 


The period equation giving phase velocity as a function of fre- 
quenc y -thickness product was normalized and the symmetrical modes 
for a ratio of longitudinal velocity to shear velocity of 1. 8 were com- 
puted using the Datatron 205 digital computer, The corresponding 
values of group velocity were also computed. Curves were plotted of 
both phase velocity and group velocity versus frequency-thickness 


product for this case. 


The excitation of vibrations in infinite plates by the use of sine 
wave pulses is discussed with reference to the spectra of sine wave 
pulses. A formula is derived for computing group velocity from phase 
velocity and the derivative of phase velocity with respect to frequency- 


thickness product. 


Some of the experimental work described was undertaken to 
gain confidence in the techniques used and to contrast the behavior of 
thick and thin plates. Consequently, some of the experiments described 
were performed on thick plates and it is shown that these plates were 


not vibrating in the modes properly called Lamb waves. 


It was found that the apparatus used (very similar to the type of 
apparatus usually used in practical nondestructive testing procedures) 
produced Lamb waves in plates which were of the order of one wavelength 
thick, Plates which were of the order of ten wavelengths thick did not 
vibrate in these modes and plates which were of intermediate thickness 


may have simultaneously contained multiply-reflected shear and longi- 
tudinal waves as well as Lamb waves. 
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In the process of studying thick plates by way of comparison, 
it was found necessary to consider the effect of beam divergence in 


explaining the waveforms which were observed, 


Measurements were 1nade of the group velocity of Lamb waves, 
and the experimental and calculated values were found to agree satis- 


factorily. 


Some modes of vibration were observed in 1, 8' апа! 4" thick 
plates which can not be explained either as Lamb waves or multiply 


reflected shear or longitudinal waves. 


Measurements were made of the insertion loss of saw cuts in 
| 32" thick steel plates, These saw cuts were 0,003", 0.006", 0.009", 
0.0127, 0.015", 0.018", and 0. 021" асер. No simple relationship wa; 
discovered between the depth of the saw cut and the amount of insertio 1 
loss; and, іп fact, One ts not justified in expecting any simple relation- 
ship since mode conversion will take place at à thickness discontinuity, 
Measurements were also made to determine whether the insertion los: 
of a saw cutis different when the saw cut is on the same side of the 
plate as the transducers than when the saw cutis on the opposite side 
of the plate. (In all of these experiments both transducers were on the 
same side of the plate.) И was found that there was no significant dif- 
ference except for the case where the fourth symmetrical and asymmet- 
rical modes were being generated simultaneously. When power is prcp- 
agated through a plate in a compogite symmetrical and asymmetrical 
mode of this type, there will be some сапсеПацоп of particle displace- 
ment on one side of the plate and reinforcement of particle displacement 
on the other side. Consequently, more power will be propagated alony 
one side of the plate than along the other so that one would expect a flaw à 


to have more effect on one side than on the other. 


An experiment was performed in an attempt to determine the 
effectiveness of Lamb waves for testing welds. In several cases, an 
insertion loss of 15 db or more was measured. However, when the 
welds were destructively tested by static loading, none of them could 


be classified as weak. 


A method of locating flaws in thin plates was investigated which : 
consisted of using a lucite wedge for generating a Lamb wave in the 
plate and searching for the flaw with the receiving transducer held 
directly in contact with the plate. This method'shows promise. 
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This study has yielded knowledge of some of the properties of 
Lamb waves which have importance in their application to nondestruc 
tive testing. The question of whether or not Lamb waves wiil find ex- 
tensive application in the testing of thin plates will have to await at- 
tempts to use them in specific cases. It is felt that the knowledge of 
Lamb wave phenomena contained in this report should be useful in de- 


veloping such applications, 
4,2 Discussion of Future Work 

И 15 earnestly hoped that funds can be made available to permit 
the continuation of this work, Some of the areas which the authors 


hope to investigate are as follows: 


Investigation of the Insertion Loss of Saw Cuts at Higher Order 
Modes 





When measurements were made of the insertion loss of the 
fourth asymmetrical mode, the test plates F and G produced extreme 
distortion of the pulse (Figures 85 and 86 ) which was accompanied by 
considerable attenuation. The same effect was noticed in the case of 
the fifth symmetrical mode and plates C and D (Figures 96 and 97). This 
leads one to think that there might be even more pulse distortion caused 
by flaws at higher order modes. Furthermore this seems reasonable, 
because the higher the order of the original mode, the more possibili- 
tics there are for mode conversion, In order to explore higher order 
modes, it will be necessary to drive the 10 mc transducers at their 
next resonant frequency or 30 mc. In order to work in the neighbor- 
hood of 30 mc., some electronic design work may be necessary to 
resonate the electrical capacity of the transducers with inductance and 
to construct a special low noise preamplifier since the signal level will 
undoubtedly be much lower at 30 mc. than at 10 mc. 


ДИ Study of the Reflection, Transmission, and Mode Conversion of 
Lamb Waves in Plates Where There is a Change of Thickness 


In analyzing the data obtained in the experiment on the plates 
with saw cuts, it became evident that a clearer understanding of the 
nature of Lamb wave reflection,»transmission, and mode conversion 
would be obtained if experiments were performed on plates which had 
one thickness for half of their length and a different thickness for the 
other half. Such plates would be obtained by starting with a set of 
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1/32" plates and machining half of each one down to a different thickness 
as shown in Figure 163, When a Lamb wave is incident upon the thickness 
discontinuity, mode conversion will take place, and there will, in general, 
be several reflected modes and several transmitted modes, The objec- 
tive of this experiment will be to attempt to measure-the various reflec- 
tion and transmission coefficients involved and to identify the reflectec 
and transmitted modes. It would be desirable to repeat this experiment 
using plates which have a gradual transition from one thickness to the 
other as shown in Figure 164, In parallel with this experimental work, a 
theoretical investigation would be carried Out to try to analyze as many 
special cases as possible and to work towards a method for analysis of 


the general case 


1.2.3 


Further Investigation of Weld Testing 





The experiment on welded plates described in this report was 
inconclusive because, in several cases, an insertion loss of 15 db or 
more was measured even though none of the welds could be considered 
weak when destructively tested by static loading, In order to better 
evaluate the use of Lamb waves for testing welds in thin plates, another 
experiment should be performed in which a greater variation in welding 
heat will be used when the plates are welded, and an attempt will be made 
to correlate the ultrasonic indications with a fatigue test. The fatigue 


testis a better criterion of weld quality than static loading, 


4,2,4 Surface Roughness 


The experiments performed so far have been on plates which 
had smooth surfaces, In future work, an experiment will be performed 
to determine the effect of surface roughness upon the propagation of Lemb 


Waves 


22.5 Scattering Technique 


Since the "scattering" method of searching for flaws with Lamb 


waves shows promise, further development of this technique is planned, 
4,2,6 | Love Waves 
Itis felt that the scope of the work should be widened to include 


the investigation of Love waves, It may turn qut that certain types of 
flaws will have tne property of converting Love waves to Lamb waves so 
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that Love waves coula be generated in a plate and the detection of Lamb 


waves would indicate the presence of a flaw. 


4.2.7 Acquisitionof Various Representative Types of Covering Мет. 


branes for Missiles, Aircraft, and Space Vehicles 





lt is felt that as the work progresses, it will be desirable to 
interrupt the investigation of the basic principles of wave propagation 
by attempting to do testing work on representative covering membranes, 
Consequently, it is anticipated that contact will be made with one or 
more manufacturers of these materials to obtain representat:ve types, 
Although the first attempts to make practical tests on these materials 
may fall they will in turn serve in the selection of models for the inve: - 


tigation of basic principles. 
4.2.8 Single Transducer Method 


All of the experiments conducted during this investigation were 
of the transmission type using two transducers. In practical testing 
situations, it would be desirable to use a single transducer pulse-echo 
system. However, the reflection of Lamb waves is accompanied, in 
general, by mode conversion, Consequently, when the transducer is 
operating as a receiver it must be sensitive to the range of phase усіо:- 
ities that may be encountered, The problem may be somewhat simpli: 
fied if the first symmetrical mode is used at a frequency too low toper- 
mit the existence of any other modes except the first asymmetrical mode. 
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BIBLIOGRAPHY AND ABSTRACTS 


Part one of the detailed scope of contract No, DA-23-072-505- 
ORD-1 15 4s follows: "A thorough literature survey shall be conducted 
to reveal the state of the ultrasonic art in so far as Lamb Waves are 


concerned, 


Since seisinologists are concerned with Lamb Waves and related 
phenomena both at ultrasonic frequencies (for the construction of models) 
and at much lower frequencies, many of these papers represent work by 
»eismologists, B is apparent that à large potential source of ideas for 
the nondestructive testing of thin plates and laminated structures 15 


present in the literature of seismology. 


In the ultrasonic delay line field, there is a great deal of interest 
| the construction of delay lines fron: thin plates of metal since this 
permits the construction of a large amount of delay within a small vol- 
ime, Since the problem of transinitting ultrasound through thin plates 
for nondestructive testing purposes is similar to the problem of trans- 
initting it for the purpose of delaying a signal, the results of work on 
the development of thin plate delay lines have been included in this lit- 


erature search, 


The problem of transmitting sound through panels is very closely 
related to the excitation of Lamb Waves in plates, because sound is 
readily transmitted through panels only when it is incident at such an 
angle that it excites the natural modes of vibration, For this reason, 
the report by George B. Thurston and Raya Stern, A Bibliography on 
Propagation of Sound Through Plates, University of Michigan, 1959, 
has been very helpful and a number of abstracts were taken from this 


source, 


Whenever the abstract prepared by the author himself was avail- 
able it was used verbatim. Detailed credit was not given for authorship 
of the abstracts themselves as it was felt that this would detract from 
the usefulness of the bibliography. 
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American Standards Association, American Standard Acoustical Ter- 


minology 


The American Standards Association definitions, standards 2. 
and specifications for use іп acoustical work. Sections 

General, Sound Transmission and Propagation, Transmission 

Systems and Components, Ultrasonics, Hearing and Speech, 

Music, Architectural Acoustics, Recording and Reproducing 

Underwater Sound, General Acoustic Apparatus, Shock and 

Vibration Acoustical Units; Index. 


Arenberg, D. L. "Dispersion of High-Frequency Elastic Waves in 
Thin Plates Proce ly RES 40, 19 5(Dec., 1958) 


Some comments on the theory and construction of thin plate 
delay lines. The solution for shear waves discussed by 
Mapleton is extended to give the increment in velocity as a func- 
tion of the order of mode, frequency, and plate thickness. Data 
are given on a 1000 microsecond line, 0.636 cm. thick. The 
effect of the different modes in causing variations in delay and 


insertion loss throughout the passband 15 discussed. 


Barnes, В. B.; see Burton, C. J., and Barnes, К. В., (1949) 





που В, 1, see Мептет T. Rand Bolt Ry м. (1955) 

















Boyle, В. W., and Lehmann, J. F., "Passage of Acoustic Waves 
through Materials, " Trans. Roy. Sot. ¡Gano Өр Sect oy δα 


Deals with the proportion of incident energy reflected by an 
infinite plate or partition of homogeneous material and finite 
thickness in a medium extending indefinitely in all directions 
when a train of sound waves is incident on one side of the plate. 
In some of the experiments an ultrasonic generator driven at 
135,000 cycles per second is used and the medium is water 
and the plate lead. 


Bradfield, G., "Improvements in Ultrasonic Flaw Detection, " J. Brit. 


Inst Radio Eng: I emi, ο ο ет за 


Three improvements are described; mode changer (to change 
longitudinal waves to shear waves) which is made of heavy 
material in form of laminated assembly; damping, loading, 
and circuitry of piezcolectric crystals to give improved 
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discrimination etc, ; and devices enabling beams of mechanical 


waves to be steered from chosen sites to search for flaws, 


- ranson №. G., "Metal Wall Thickness Measured from One Side by 
Ultrasonic Method," Elect. Eng., v70, pp 619-623 (1951) 


This article discusses the principles of metal wall thickness 
measurement from one side and an instrument for making such 
measurements, The selection of quartz crystal and range, 


accuracy, and limitations of the method are covered. 


de ВгетаесКет, J. C., "Transmission and Reflection of Rayleigh 


Waves at Corners, Gcophysi A пе, Apr., 1958, рр 2535-66 


Methods of two dimensional model sersmoloyy were used to 
investigate phenomena occurring when a Rayleigh wave ts 
incident upon a corner whose angle is comprised between 0° 
and 180°; wave bends its path only for angles between 130° 
and 180°; for smaller angles large and abrupt variations in 
reflection and transmission occur 

of Seismology, Cam- 


Bullen, K. E., An Introduction to the Theory 


bridge University Press, 1953 





Very good theoretical coverage of elastic wave propagation, 
Ch. V Surface Elastic Waves (Rayleigh, Love, other) 


Ch. VI Reflection and Refraction of Elastic Waves 
Burton, C. J, see Schneider, W. E., and Burton, С. J., (1949) 


Burton, C. J., and Barnes, R. B., "A Visual Method for Demon- 
strating the Path of Ultrasonic Waves Thru Thin Plates of Material," 
J. Appl. Phys., v 20, pp 462-467, (1949) 


A visual method for studying the path of ultrasonic waves 
through thin plates of material has been devised, and a set 

of photographs showing the complexity of ultrasonic reflec- 
tion and transmission by metal plates has been obtained. An 
attempt has also been made to estimate the critical angles of 
total reflection of dilation and shear waves by visual examin- 
ation of the reflection of a supersonic beam. Using these data, 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 











Young's modulus and the shear moduius for 1/16-inch alum- 





inum sheet have been determined, and the values are compared 
with those obtained using a previously described electrical 
method and with published data. ° 








Butler, J. B., and Vernon, J, B., "Standing Wave Technique oí Thick- 
ness Measurements, ' J. Acoust, Soc. Am., v18, pp 212-215, (July, 
1946) 







Some experiments are described in which a reflectoscope was 
used to measure the thickness of plates varying from .0109' е 






to 0.151" by standing wave techniques. 






Carabelli, E., and Folicaldi, R., "Seismic Model Experiment on Thin 


Layers," Geophysical Prospecting, v5, n3, pp 317-327, (September, 
1957) 







Seismic two dimensional model experiments concerning reflec- 
tions from horizontal layers thin in relation to wave lengths 






propagated through media are recorded; cífects of very thin 






reflecting layers, individually and in combination, on reflected 






arrivals and influence of layers upon reflected energy in terms 
of their thickness. 







° Carlson, J. F., see Heins, A. E., and Carlson, J. F., (1947) 






Carter, S. W.; see Hastings, C. H., and Carter, S. W., (1949) 






Clayton, Н. R., and Young, R. S., "Improvements in Design of Ultra- 
sonic Lamination Detection Equipment," J, Sci. Instruments, v28, n5, 


pp 129-132, (May, 1951) 







Apparatus for detection of lamination on aluminum blanks 





and sheets; use of transmission technique which minimizes 






effect of standing waves formed in sheets of specific thick- 






nesses; how this is achieved by energizing transmitter crystal 





by wide band of frequencies and by providing receiver detect- 






ing all frequencies transmitted; defect of less than 3/4 in. can 
be detected. 






Cook, E. G., Van Valkenburg, H. E., ''Surface Waves at Ultrasonic 
Frequencies;" ASTM, Bul.nl98, pp 81-84, (May, 1954) 






The theory of mechanical wave propagation along the surface 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 








of an extended solid medium and adaptiny it to nondestructive 


materials testing, Bibliography. 


Cook, E. G., апа Van Valkenburg., H, E., ' Thickness Measurement 
by Ultrasonic Resonance, "J. Acoust. Soc. Amer., v27, pp564-69, 
(May, 1955) 


A mathematical analysis is presented which is applicable реп- 
erally for any combination of test specimen, coupling material 


and driving crystal. 


Cremer, L., Theory of Sound Damping by Thin Walls,” Akust. Z., 
vi, pp 81-104, (1942) 


The damping for perpendicular incidence is calculated and com- 
pared with the result of measurements obtained with statistical 
distribution of angles of incidence. Mass and frequency are the 
main factors, The movement of the wall is considered as a 
forced bending oscillation, When the component of sound veloc 
ity along the surface of the wall the speed of propagation of a 
free oscillation of the membrane, the pressure difference equals 
0. This ‘coincidence effect" and its dependence on frequency is 
investigated, and the analogies between coincidence and reson 


ance are discussed. 


Deck, W., "Crack Detection in Aircraft Structures," Roy. Acronautic al 
Soc. J., νοῦ, п551, рр 739-748, (November, 1956) 


Penetrant, magnetic, electrical, X-ray, and ultrasonic methods 
of testing for surface and internal cracks in production and main- 


tenance of aircraft as carried out in Swiss aircraft factories. 


Dorman, J., "Numerical Solutions for Love Wave Dispersion on a Halí- 
Space with Double Surface Layer," Geophysics, v24, pp 12-29, (Febru- 
ary, 1959) 


The IBM 650 computer of the Watson Scientific Computing Lab- 
oratory, Columbia University, was programmed to obtain numer- 
ical solutions for the period equations for Love waves on a half- 
space with a double surface layer. Solutions including higher 
modes for seven models of the continental crust- mantle system 
are presented, This group of related cases shows that certain 
properties of the solutions are diagnostic of crustal structure. 
These relationships are illustrated graphically. 
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Eisler, J. D.; see Evans, J. F., Hadley, C. F., Ejsler, J. D., and 
Silverman, D., (1954) : 


Evans, J. F., Hadley, С. F., Eisler, J. D., and Silverman, D., 
"A Three-Dimensional Seismic Wave Model with Both Electrical and 
Visual Obervation of Waves, " Geophysics, vl9, рр 220-236 (1954) 


The short wavelengths required in à seismic model to give 
wavefront patterns geometrically similar to those in a large 
prototype (the earth) can only be obtained by using high-fre- 
quency sound waveg. As sources and detectors of such high- 

requency waves, piezoelectric crystal are used, primarily 
because under identical stimuli they are capable of almost 
perfect duplication, Such duplication is made use of in dis- 
playing on àn oscilloscope stationary patterns which are 
characteristic of transient particle motion at a point in the 
model, Also, it has made possible the direct visual obser- 
vation of transient wave fronts in transparent models, tech- 
niques for which are described, and sample photographs 
given. Аз an example of quantitative use of the described 
model techniques, the results are presented showing sym- 
metric and anti-symmetric wave propagation in a free elas- 
tic plate, Good agreement is found between many features 
of the experimental record and theoretical predictions. 


Ewing, M; see Oliver, J., Press, F., and Ewing, Μ., (1954) 


Ewing, W. M., Jardetzky, W. 5., and Press, F., Elastic Waves in 


Layered Media, McGraw-Hill, New York, (1957) 


Very good general coverage of wave propagation theory - 
general principles - fundamentals. Includes many references. 
A comprehensive discussion of Lamb waves is found on pp 281 - 
288. 


Fay, R. D., "Interactions Between a Plate and a Sound Field," J. 
Accoust. Soc. Am., v20, pp 620-625 (1948) 


This paper deals with phenomena associated with the inter- 
actions between flexural vibrations in a plate and the sound 
field in an ambient fluid medium. An equation is developed 
in tractable form which determines the propagation function 
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of the free and forced flexural waves which can exist under 

stated assumptions. И is found that the reactions of the fluid 

on the plate makes possible a wave which cannot exist in the 

free plate in steady state. For a “ес: plate in water the poten- 

tial effect of the additional wave is relatively great when the pro- 

duct of the frequency and the plate thickness lies between 6 and 

20 kiloc ycle-inches. 

Errata: J. Acoust. Soc. AMA vèl, n3, p 272, (May, 1949) ° 


Fay, R. D., and Fortier, O., "Transmission of Sound thru Steel 
Plates Immersed in Water, J. Acoust, Soc. Am., ves, pp 339-346 
(1951) 


The measured transmittivity of a steel plate in water is pre 
sented as a function of the angle of incidence and the product 

of frequency and plate thickness over wide ranges Гһе пог- 
mal velocity of the plate surface can attain an amplitude neces 
sary for good transmission only by constructive interference 
among internal reflections, lt is shown that the ideal conditions 
can be inet in à plate of finite width in only a few cases, [n gen 
eral, the conditions*for à transmission maximum are the condi 
tions for the existence of appropriate types of stable travelling 
waves in a plate of infinite extent; these conditions, however 
are modified by edge effects. An apparent effect of this modi- 
fication is to produce changes in the divergence of the trans- 


mitted beam and hence in the observed transmittivity 


Fay, R. D., "Notes on the Transmission of Sound Through Plates, 
J, Acoust, Soc. Ан, Уго, pp 220223, (1953) 


A relatively tractable expression for the transmittivity of steel 
plates iminersed in a fluid medium is formulated. Criteria for 
total transmission and total reflection are inherent in the ex- 


pression. 


An investigation of the discrepancies between calculated and 
observed transmittivity indicates a probability that the assump- 
tion of negligible losses associated with shear waves in steel is 


not tenable. 


Finney, W. J., "Reflection of Sound from Submerged Plates," J. 
Acoust. Soc. Am,, v 20, pp 626-637, (1948) 


It has been found that an appreciable reflection occurs in the 


» 
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direction of the incidence. The magnitude of this "non-spec - 
ular" reflection, together with the as£orted transverse vibra- 
tions in the plate, has been studied experimentally as a function 
of frequency, plate dimensions, and angle of incidence. Signi- : 
ficant non-specular reflection occurs from bounded plates be- 
tween about one-quarter inch and two inches thick, when the 
product of the thickness in inches and the frequency in kilocy - 
cles per second lies between about 20 and 60 in. -kc. Within 
this range, the angle of incidence for non-specular reflection, 
η, is described by the empirical relation sin n = 2.16 (bf)i. 
This relation has been found to apply also to 0,002 inch plates 
at 15 megacycles. The results of the present study are in 
agreement with à theoretical analysis by Fay, and with the 
experimental results obtained by Senders at frequencies of 


several megacycles. 


Firestone; E. Ac. апа Ling; D, ὃν, Report on the Propagation of 


Waves In Plates - Lamb and Rayleigh Waves, Sperry Products, Inc., 
Tech, Rep. 50-6001, Danbury, Connecticut (1945) 


The various inspection problems to which Lamb waves might 
be applied are discussed. The different modes are discussed 
with respect to group velocity, phase velocity, particle motion 
and means of generation. Caiculations were made and curves 
plotted of group velocity and phase velocity as functions of 
frequency-thickness product and wavelength-to-thickness ra- 
tio for aluminum, Particle motion paths are shown for various 
modes and wavelengths. The spectrum of the pulsed sine wave 
and its relation to Lamb wave dispersion is discussed. A 
method of measuring plate thickness by utilizing interference 
between the first symmetrical and the first anti-symmetrical 
modes is described. There is evidence of mode conversion 
upon reflection at an edge of the plate. The design of trans- 
ducers for exciting Lamb waves in plates is duscussed. 


Firestone, Е. A., "Тһе Supersonic Reflectoscope, an Instrument for 
Inspecting the Interior of Solid Parts by Means of Sound Waves," J. 
Acoust. Soc. Am., v 17, (1946) 


The reflectroscope is described and its principle of operation 

is explained. Figures show typical reflectoscope presentations 

when reflectoscope is used for flaw detection, wall thickness - 
measurement, lamination detection, bond determination, grain 

size measurement, and weld testing. 
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° Firestone Е. А, and Frederick, J. R., Refinements in Supersonic 
Reflectoscopy: Polarized sound J. Acoust Soc. Am v18, pp 200- 
211. 11946) 


One form of simple circuit for the generation of the short dura 
tion high frequency voltage trains used in the supersonic reflec 
toscope is shown. The required band width of the system іп 
cluding the crystal, is discussed. Techniques for the radiation 
of longitudinal shear and Rayleigh waves are set forth. Either 
longitudinal or shear waves can be used to establish various 
modes of thickness resonance through a plate for measuring 
velocity of propagation or thicknes: Shear waves have some of 
the properties of polarized При for instance, double refraction 
has been measured by three methods in elastic ally aeolotropic 
solids and a technique for the direct indic ation of the amount of 
elastic aeolotropy developed, By means of a quarter wave plate 


circularly polarized souna can 5e produced 


Firestone F Tricks with the Supersonic Reflectoscope, Journal of 


Nondestructive Testing, ντ, n2 pp 5-19 (Fall 1948) 


While à brief explanation is made of the principle of tne super 
sonic reflectoscope as applied to its everyday function of detect 
ing flaws in the interior of metal parts by observing the reflec 
tions of a short train of high frequency sound waves from the 
flaws. the emphasis is here placed on the unusual and unexpected 
possibilities of the reflectoscope as indicated in the section head- 
ings Of this paper’ Controlling the Divergence of the Sound Beam 
Detecting Flaws Lying Near the Surface with the Schnozzle, In- 
creasing the Strength of High Frequencies with Tinfoil Under the 
Crystal, Measuring the Average Grain Size in Metals, Sending 
Waves Approximately Parallel to Surface of Plate, Generating a 
Strip of Lamb Waves for the Testing of Thin Sheets, Determining 
Residual Stress or Incipient Fatigue Beneath a Surface by Meas- 
uring the Velocity of Surface Waves, Flaw Detection or Grain 
Size Determination Near the Surface, Generating Shear Waves 
or Longitudinal Waves by Reflection; Determining Poisson's Ratio 
Young's Modulus, and the Shearing Modulus, by Measuring the 
Velocity of Longitudinal and Shear Waves; Accurately Measuring 
: the Thickness of a Metal Sheet whose Opposite Side is Inaccessible 
by Resonance; Measuring Elastic Aeolotropy with Shear Waves. 
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Firestone, Е. A., and Ling, D. ὃν, "Methods and Means of Generating 
and Utilizing Vibrational Waves in Plates." United States Patent No, 
2.536,128, January 2. 1951. 


Lambs calculations are summarized. Curves are presented 
giving the phase velocities of Lamb waves in aluminum plates 
as function of frequency-thickness product. Methods and 
devices are described for inducing Lamb waves in plates. 
Methods are described for testing plates for defects by mode 
conversion of Lamb waves. А method is described for deter- 
mining the thickness of a plate by utilizing the interference 


between two different modes of slightly different wavelength, 
Folicaldi, R., see Carabelli, E., and Folicaldi, R., (1957) 
Fortier, O see Fay, R. D., and Fortier O., (1951) 
Frederick, J. R., see Firestone, F A., and Frederick J. R., (1946) 


Gericke O. Ң,, Ultrasonic Methods for Near Surface Flaw Detection 


A - 


Watertown Arsenal, Watertown, Mass., 1959 


For the nondestructive inspection of materials with ultra- 
sonic waves, today the "pulse echo" method is widely utilized. 
Compared to through transmission testing this method has the 
advantage that access to only one surface of the test piece is 


required. 


Pulse echo testing has certain limitations with regard to 
defects that are located close to the test surface, however, 
due to the finite length of the ultrasonic pulse. If the transit 
time of the initially transmitted pulse, for traveling from the 
ultrasonic transducer to the discontinuity and back, becomes 
shorter than the pulse length, the echo from the flaw will 
interfere with the transmitted pulse. Consequently an indica- 


tion of the flaw cannot be obtained. 


In order to detect near-surface defects, either extremely short 
ultrasonic pulses or an artificial pulse delay are required. The 
objective of the work covered by this report was to investigate 

pulse delay and develop methods which can be used for practical 


applications. 


V 
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Three of the procedures which are discussed show promising 
experimental results. Defects as close as 0.015" to the test 
surface can be detected, although fairly long pulses of 3 to 10 


microseconds duration are used 


Goldman, >., Frequency Analysis, Modulation and Noise McGraw-Hill 
New York, (1948) 


Phe first half of this textbook is à discussion of the frequency 
analysis of periodic and nonperiodic waveforms by means of 
the Fourier Series and the Fourier Integral respectively, The 
treatment presupposes а knowledge of calculus Among the 
topics treated are the principle of stationary phase. phase ve 


locity and group velocity, and reciprocal spreading. 


Gooaman, L. E., Circular-Crested Vibrations of An Elastic Solid 
Bounaed by Two Parallel Planes, Proceedings of the First U. > 





National Congress of Apphed Mechanics, American society of Mechan 
Ева AAA ЕЕ іл. ιών дыбы ады; NCC 


Two fundamental radially symmetric solutions of the linear 
equation of elasticity are found to desc ribe free vibrations of 
an elastic plate of finite thickness [t is shown that they cor 
respond to 'extensional! and 'flexural' motions and are anal- 
орои» to the straight crested (plane strain) waves discovered 
by Lamb and Rayleigh. At large distances from the Origin 
the circular-crested and straight crested motions become in- 


distinguishable. 


Following the treatment of Lamb, the transcendental equation 
relating the frequencies of vibration to the wave shape is devel- 
oped. A numerical tabulation of the solutions of the frequency 
equation is given and the shapes of the modes are described in 
detail. Fora particular sét of modes there exist surfaces 
across which no stress 1s transmitted. These surfaces define 
shapes for which the motion in question represents a mode of 


free vibration. 


In the limit, for very thick plates, the solutions are shown to 
correspond to Rayleigh surface waves, while for thin plates, 
they approach asymptomatically, well-known results in elemen- 


tary plate theory. 


e 
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Gotz, J., "The Passage of Sound Through Metal Plates Immersed in 
Fluids, When the Waves are Plane and are Incident Obliquely, ' 
Akust. Z., v8, pp 145-168, (1943) (In German) 





l. The origin of sound transmission problems and their use 


in the testing of materials. 


l Rules of use and the attempt of the solution of the 


problems. 


2 The meaning of sound transmission problems by th: 
detection of flaws in plates, Description of measur- 


ing appa ratus. 


9. Aim of the work. 


П. The transmission of plane sound waves through plane 


parallel partition 


l The problem 
2 The theory of Rayleigh for media free from shearir р 
tres З , 

5 The theory of Reissner and the work of the Zurich 

group 
4 The sound damping by simple free partitions in room 

and building acoustic: The coincidence of bending 

Waves, 
5 The attempt to use the theory of the coincidence of 


bending waves in the transmission of sound through 


metal plates in a liquid. 


6 Attempt the exhibition of vibrating plates as bending 
waves under consideration of the rotational inertia 


and the shearing deformation. 


i Determination of the bending wave decrement through 
treatment of the problems as two dimensional wave 


probleins. 


8. The sound permeability by the incident angle within 
the angle of total reflection, The thickness resonance. 


9. Construction of thickness resonance by layers of 
partitions free from shearing stress as coincidence, 


10. Agreement of Reissner's theory with the coincidence 
theory by solid free partitions. 
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Ш. Attempt with the arrangement described under I. 


1. The maximum sound decrement. 


2. The progress of the tangential wave outside the defined 
sound ray, 


5. Summary. 


Hadley, C E. sae Evans, Ju Es, Мабсут С.Е Eisler О. and 
Silverman, D., (1954) 


Hart, 5. D., see Osborne, M. Е. М., and Hart, 5. D., (1945) 
Hart, 5. D. ; see Osborne: М. Е. M., and Hart. 5. D., (1946) 


Hastings, C. H., and Carter, 5. W., ‘Inspection, Processing, and 
Manufacturing Control of Metals by Ultrasonic Methods, ASTM Special 
Publication No. 101, pp 14-61, (1949) 


A survey of thc entire field of applied ultrasonics with emphasis 


on nondestructive testing. 


History, Ultrasonic Generators Galton Whistle, Hartman Gas 
Current Generator, Holtzmann Mechanical Generator Thermal 
Generators, Inagnetostriction generator, piezoelectric penera- 
tors. Application non-metallurgical, metallurgical, powder 
metallurgy, grain size refinement, acceleration of solidification, 
alloying, heat treating, tatigue testing, plating, bonding, tinning, 
degassing of melts. Inspection detection of discontinuities, 
theoretical considerations, acoustic wave velocity, energy distri- 
bution, boundary phenomena, refraction, reflection, impedance 
matching, internal discontinuities, principles of testing, injection 
of ultrasonics, detection of ultrasonics, reflection method, inter- 
pretation of results, instrumentation, transmitter requirements, 
receiver requirements, requirements for visual presentation, 
general features of circuits, thick sections, strips, slabs, plates, 
bars, lack of bond, welds and weldinents, thickness meaasurement. 


Healy, John; see Press, Frank, and Healy, John (1957) 
Heins, A. E,, and Carlson, J. F., "The Reflection of an Electromagnetic 


Plane Wave by an Infinite Set of Plates, ' Quart. Appl. Math., νά, pp 313- 
29 (Jan. , 1947) 
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A plane wave is incident upon an infinite set of staggered, 
equally spaced, semi-infinite metallic plates of zero thick- 
ness. Plane waves are reflected in certain directions (de- 
pending upon the geometry of the system) and these are inves- 
tigated by an integral equation method. The equation is solved 
by means of a Fourier Transform, Expressions for the 
reflection coefficients are obtained and the far field is inves- 


tigated. 


Heins, A. E., and Carlson, J. F., "The Reflection of an Electroma;- 
netic Plane Wave by an Infinite Set of Plates, " Quart. Appl. Math. , 3, 
pp 82-8, (April, 1947) 


A continuation of previous work. A Fourier transform metl od 
is used, The magnetic field of the incident wave is taken par- 
allel to the edges of the plates. The reflection and transmission 
coefficients are calculated. These are independent of the wave- 


length of the incident wave, 


Heuter, Т. F., and Bolt, В. H., Sonics, Wiley, New York, (1955) 
A survey of the field of sound and ultrasound. Emphasis is 
on industrial and laboratory techniques. Chapter headings 
are: Introduction, Basic Principles, Radiation, Piezoelec- 
tric Transducers, Magnetostrictive Transducers, Physical 
Mechanisms for Sonic Processing, Devices, and Techniques 
for Sonic Processing. Principles of Sonic Testing and Anal- 
ysis, Acoustical Relaxation, Mechanisms in Fluids. Trans- 
mission thru plates pp 75-6; Velocity measurements with thin 
plates using coincidence principle pp 345-346, 


Holden, Q. N., "Longitudinal Modes of Elastic Waves in Isotropic 


Cylinders and Slabs,'' Bell System Technical Journal, v30, pp 956-969, Е 
(1951) 


The general properties of the longitudinal modes in cylinders 
and slabs are developed with the aid of the close formal analogy 
between the dispersion equations for the two cases. 


Jardetzky, W. ο, see Ewing, W. M., Jardetzky, W, S., and Press, F., 
(1957) 
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Kane, T. R,, "Reflection of Flexural Waves at the Edge of a Plate, 
Columbia University - Dept. Civ. Engr. - Techn. Report пб, Feb., 
1953, 22 p, 8 supp plates. See also ASME Paper n53-A-42 for meeting 
Nov. 29 - Dec. 3, 1953; 8 p. 


Reflection of straight-crested flexural waves at edge of semi- 
infinite plate studied in terms of 2-dimensional plate theory; 
flexural wave gives rise to three reflected waves, two flex 

tral waves and shear wave, number of special cases, involving 


degenerate forms of these motions, are investigated. 


Kinsler, Lawrence E., Fundamentals of Acoustics, Wiley, New York 


1 950 


А textbook for graduate students covering the fundamental prin- 
ciples underlying the generation, transmission, and reception 
of acoustic waves. Analysis of the various types of vibration 
of solid bodies and of the propagation of sound waves through 


fluid media, A limited number of applications of acoustics. 


Kiléint, Ко Бос see Varnye ο, de and Kleint, Ко E (0957) 


Knopoff, L., "small Three- Dimensional Seismic Models," Am. Geo- 


physical Union Trans, , v3o, по, pp 1029-34, (Dec. , 1955) 


Fundamental theory of models is reviewed and application is 
made to the case of 3-dimensional laboratory models for 
studying seismic phenomena; the nature of useable transducers 
and media are considered from the standpoint of bandwidth re- 
strictions imposed by the modeling method; experimental pro- 
cedure is described and results for a model of Lamb's problem 


obtained; influence of imperfections; results for wax material 


Knopoff, L., "Surface Motions of a Thick Plate," J. Appl. Phys., v29, 
pp 661-670, (1958) 


The motion of a thick elastic plate, infinite in two dimensions 

and bounded by air on the two parallel faces, has been studied. 
The plate is excited at a point on one face, as in Lamb's prob- 
lem, by a force impulsive in time, and directed normal to the 


surface. 
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Kolsky, H., Stress Waves in Solids, Clarendon Press, Oxford, (1952) 





Part | Treats the propagation of stress in perfectly elastic 
.solids and the theory is developed as a mathematical conse · 
quence of Hooks's law and the equations of motion. The only 
difference between individual solids in this treatment result: 
from differences in the values of their elastic constants and 
densities, Recent experimental work concerned with the veii- 


fication of the theory is described. 


Part H: Concerned with the propagation of stress waves 
through solids which are not perfectly elastic. The measure 
ment of internal friction and the nature of the various dissipa- 
tive processes which cause it are discussed first. A review of 
experimental work on the measurement of dynamic elastic ріор- 
erties is then given, Finally, the theory of plastic waves and 
shock waves is outlined and some of the fracture phenomena 
produced by large stress pulses are described. A brief des- 
cription of Lamb's treatment of waves in an elastic plate is 


given on pp 81-83 


Lamb Wave Search Unit ‘Sperry Products, Inc., Danbury, Connectic it, 
October 1958; Sales Data Sheet 50-227, (Oct. 1958) 


Desc ribes the 5perry search unit; photograph. 


Lamb, G. L., Diffraction of a Plane Sound Wave by a Semi-Infinite Thin 


Elastic Plate, Acoustics Laboratory, Massachusetts Institute of Tech- 
nology, Cambridge, Mass., 1959, AD-221-193 div. 25; Reprint from 


Па of the Acoustical Society of America, у 31, 929-935, (July 1959 


The diffraction of a plane small amplitude sound wave incident 
upon a semi-infinite thin elastic plate is investigated theoret- 
ically. The problem is formulated in terms of an integral equa- 
tion relating the discontinuity in pressure across the diffracting 
plate to its flexural displacement and the usual fourth order thin 
plate differential equation governing the flexural motion of the 
plate when driven by the pressure discontinuity. This pair of 
coupled equations is then shown to be amenable to solution by 
the Wiener-Hopí method. A perturbation procedure, valid in 
the limit of increasing plate stiffness, is employed to obtain 
expressions for the sound fields radiated by and transmitted 
through the plate as well as for the diffracted sound field. 


“ 
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: Lamb,eH., "On Waves in an Elastic Plate," Proc. Roy. Soc. (London), 
v93, pp 114-128, (19171 


An examination of the problem of two-dimensional waves in a 


solid bounded by parallel planes. 


The theory of surface (Rayleigh) waves has been extended by 
H. Lamb to the case of a solid body bounded by two parallel 


planes, 


Lambert, L., Research on Ultrasonic Delay Lines, Electronics Re 


search Labs., Columbia University, New York (1959), AD-219 634 
Div. 8; 25 (31 July; 59) 


The peneral theory of elastic wave propagation is briefly pre- 
sented, Reflection and refraction of plane elastic waves at 
plane interfaces are studied with special emphasis on the solid- 
air interface. Solutions to the wave equation for solid plates 
are presented and the specific solutions of interest in the de- 
sign of delay lines are studied in detail. Design information 

is obtained for the vertical dimension of transducers to mini- 
mize the excitation of spurious modes in plates, thus reducing 
ripples in the passband of à delay line. Expressions permitting 
the calculation of delay variation with frequency are included 
and plotted for typical delay line parameters, Various kinds 

of quartz transducers are discussed. An equivalent circuit for 
à thickness vibrating piezoelectric transducer is presented 
and the implications of the circuit investigated. Expressions 
are obtained for midband loss and frequency response. The 
possibility of double-peaking in the frequency response is dis- 
cussed, and the condition necessary for its occurrence deter- 
mined. This includes results for typical delay line parameters 
Various techniques of bonding are discussed and the results of 
one technique are compared to the performance predicted by 


theory. 
Пеер, В. W. sece Ross, 4, D. and Беер, В Wes (1957) 


‘ Lehfeldt, W., "Ultraschall-Pruefung von Blechen and Baendern,' Elek- 
tronische Rundschay, v9, n4, pp 135-8, (Apr., 1955) 


Ultrasonic testing of sheet and strip metals preferably done by 
traverse radiation, its application requires use of devices for 
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. 
continuous passage of test objects between sound transducer 
heads; installation in producer's rolling plant requires smaller 
investment than mounting of special units at consumer's plart; 
method is also applicable to deflection oscillations and vibra- 


tions, 

"Lehmann, J. F.; see Boyle, R. W., and Lehmann, J, Е. 
Ling, D. S.; see Firestone, Е. A., and Ling, D. S., (1954) 
Ling, D. S.; seu Firestone, F. A., and Ling, D. S., (1951) 


Love, A, E. H., some Problems of Geodynamics, University Press, 
Cambridge, (1911) 


Chapter XI Theory of the Propagation of Seismic Waves, Di- 
lational and distortional waves. First interpretation of seis.nic 
records. Rayleigh-waves, Lamb's theory of tremors. Trèns- 
verse movement observed in main shock. Methods of investi- 
gation. Theory of transmission of waves through gravitating 
compressible body. Dilatational wave accompanied Бу sligh: 
rotation. Dependence of wave-velocity upon locality and wave- 
length. Effects of dispersion, Theory of superficial waves 
ona sphere. Advancing wave as aggregate of standing oscil a- 
tions, Correction to velocity of Rayleigh-waves on account of 
gravity. Theory of transverse waves in superficial layer. Con- 
dition that the waves may be practically confined to the layer. 
Dispersion, Subjacent material of smaller rigidity ineffective. 
Theory of the equation for wave-velocity. Sense of alteration 
through discontinuity at bottom of layer. Numerical example, 
Ratio of horizontal and vertical displacements. Discussion of 
conditions for the existence of a second type of superficial wave. 
General discussion of the main shock. 


Lyamshev, L. M., "Reflection of Sound by a Thin Plate in Water," Dokl. 
Akad. Nauk SSSR, v99, pp 719-721 (1954) (translated from Russian by 
M. D. Friedman, 572 California Street, Newtonville, Mass., 4pp) 


Observations using high-frequency pulse technique are described 
briefly. Reflections in a direction anti-parallel to the obliquely 
incident ray are found at two critical angles, corresponding, res- 
pectively, to flexural and to compressional waves in the plate. 
The latter case is presented as new; related transmission data 
are not cited or discussed. 
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Lyamshev, L. M., "Diffraction of Sound Upon a Thin Bounded Plate 
in Liquid," Sov. Phys. - Acous., vl, pp 145-151, (1955) 


The paper examines the problem involved in the diffraction of 
sound upon a thin bounded plate in liquid; the analysis takes into 
account the longitudinal and flexural vibrations of the plate. 


lt is shown that at certain angles of incidence the passage of 
the sound through the plate is observed, as well as intense 
scattering in a direction opposite to the direction of the incident 
wave (this constitutes so-called non-mirror-like reflection) 


This paper is entirely theoretical, 


Lyamshev, L. M., "Nonspecular Reflection of Sound from Thin 
Bounded Plates Submeryed in liquid," Acta Phys. Hungar., vo, 
pp 33-65, (1950) (In Russian) 


Discovery is made of a nonspecular ultrasonic reflection from 
thin finite plates under water, Occurring at considerably smaller 
angles of incidence than that due to coincidence effect in bending 
Precise measurements made in the Fraunhofer zone of reflec- 
tion, using metal plates up to 1.1 mm thick and up to 6 X 6 ст., 
with megacycle sound waves, show this phenomenon to occur 
when the phase velocity of the incident waves along the plate is 
equal to the speed of longitudinal waves in the plate. A detailed 
theoretical analysis is made of sound diffraction, taking into 
account this plate response. The theory eppears to describe 
the observed results satisfactorily, 


Lyon, В. H., "Response of an Elastic Plate to Localized Driving Forces" 
J Acoust: сос Ап у Ve is DP 25950265. (1955) 


The vibration of an infinite elastic plate when driven by a 
localized driving force is studied theoretically. The dilation 
and shear potentials are expressed as Fourier integrals, the 
boundary conditions are applied, and the integrals evaluated by 
the calculus of residues. Itis found that the motion of the plate 
may be represented by a discrete sum of nonorthogonal eigen- 
modes. These modes represent two types of waves: propagated 
and attenuated. The former are obtained from previous work on 
coincidence transmission. The latter are calculated by a graph- 
ical method, and presented in such a manner that they tie in con- 
tinuously with the propagated modes. Certain unresolved features 
of the problem are discussed. One previous application of the 
theoretical results is disclosed. 
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Makinson, K. R., "Transmission of Ultrasonic Waves Through a Thir. : 
Solid Plate at the Critical Angle for the Dilational Wave," J. Acoust. 
Soc. Am., v 24, pp 202-206, (1952) 


The transmission, through an isotropic solid plate inmmersed 
ina liquid, of ultrasonic waves incident at tlie critical angle 
for total reflection of the dilatational wave, is examined сх- 
perimentally and theoretically. И has previously been held 
that total reflection does not occur at this angle when the 
thickness of the solid is less than or comparable with the 
wavelength of the dilatational wave in it. И is now shown 
that owing to interference between the dilatational and rota- 
tional waves, total reflection does occur at or very near thi. 
angle for a considerable range of thickness in this region. It 
is therefore possible to use the total reflection method for the 
determination of the dilatational velocity in a solid even when 


only thin specimens of the solid are available. 


Makinson, K, R., "Transmission of Sound Thru Plates," J. Acoust. 
506. Апъл ves, pp 1202, (1953) 


Fay's treatment of the theoretical problem of the transmiss:on 
of sound through a solid plate iminersed in a fluid is used to 
deduce an additional criterion for total reflection, and some 
comments are made on the criteria for total transmission, 


Mapleton, К. E,,"Elastic Wave Propagation in Solid Media," J. Appl. 
Phys. , v23, pp 1346-1354, (December, 1952) 


The reflection of clastic waves at plane solid-vacuum inter- 
faces and the two-dimensional solutions of the vector equation 
of equilibrium for clastic waves propagating through elastic 
plates of uniform thickness are investigated. Both the isotropic 
solid and the cubic system of non-piezoelectric single crystals 
are treated. The objective is to compare multiple-reflection 
solid delay lines, isotropic versus single crystal, in terms of 
thickness of the plate required for satisfactory propagation and 
reflection characteristics. The sections on wave propagation 
are not exhaustive, but consider the particular wave mode that я 
most closely resembles the plane shear wave with displacement 
component normal to the face of the plate. In the sections on 
single crystals, it is shown that plane shear waves propagate 
with a speed independent of the direction provided that the dis- 
placement is parallel to a crystallographic axis. The reflection 
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laws for these plane shear waves are the same for isotropic 
solids and single crystals provided that the displacement is 
contained in a plane that is parallel to the stress-free inter- 
face. А calculation compares the wave propagating charac - 
teristics of plates of fused quartz and calcium fluoride 

for operation at 15 mcs. The plate of calcium fluoride should 
be roughly three times thicker to give the same performance 
as the plate of fused quartz. 


Mason, W, P., Phys:cal Acoustics and the Properties of Solids, 


D. Van Nostrand Company, Inc., Princeton, New Jersey. (1958) 


Part] Basic principles with engineering applications dis- 
cussion of instruments for measuring attenuation, velocity, 
characteristic impedauce, application to mechanical filters, 
drilling, soldering, flaw detection and delay lines, and to 
the study of fatigue, fracture, wear, cutting and grinding. 


Part H: Analytical uses: phenomenological models, thermal 
damping, domain motion effects, grain scattering, interstitial 
diffusion, dislocation effects, transmission in sinple crystal 


quartz and glasses, damping of free electrons. 


McGonnagle, W. J., "Ultrasonic Shear Wave Testing," Metal Progress, 
v70, n, рр 97-99, (October, 1955) 


Successful application of ultrasonic equipment for flaw detection 
in pipes and tubes; difficult-to-rcach sections can be inspected 
using shear waves rather than longitudianal waves normally em- 
ployed; results obtained with various artificial defects using this 
technique, 


Meres, M. W.: see Muskat, M., and Meres, M. W., (1940) 


Meyer, E., "Survey on Sound Transmission in a Body by Models, " 
Akust-Bei., vl, pp 51-58, (1956) (In German) 


After a short survey over the different wave forms in solids 
and the experimental methods for the investigation of the propa- 
gation of structure-borne sound in models, the following subjects 
are treated: Measurements of sound velocity and damping of 
+ flexural waves; propagation of flexural waves around corners; 
effect of soft intermediate layers; input impedance of plates for 
excitation at one point, radiation of plates excited to flexural š 
vibrations. 
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Mindlin, R. D., An Introduction to the Mathematical Theory of Vibra- 


tions of Elastic Plates, U. S. Army Signal Corps Engineering Labora- 
tories, Ft. Monmouth, New Jersey, (1955), Signal Corps Contract DA- 
36-039 SC -56772. i 


This monograph is a mathematical treatment of the vibrations 
of elastic plates which in general are finite and non-isotropic. 
Lamb waves are included as the simpler case of an isotropic, 
infinite, elastic plate in vacuo on pp. 2. 32-2.40. 


Moriarty, C. D., "Ultrasonic Flaw Detection in Pipes by Means of Shear 
Waves," ASME Trans., v73, pp 225-229, Discussion pp 229-235, (April, 
1951) 


This paper describes a procedure by which ultrasonic methods 
can be applied to the inspection of high pressure piping. A 
description of the equipment used is included together with some 
basic information by which the application to general pipe inspec - 
tion can be evaluated. In the interest of accenting the application 
phases, a theoretical discussion of ultrasonic waves and their 
transformations has been omitted. 


Murdoch, А. M., and Van Valkenburg, Н. E., Ultrasonic Equipment for 
Inspection cf Bonded Sheet Metal Aircraft Components, Sperry Products, 
Inc., Danbury, Connecticut, 1959; Sperry Report TR-083, Contract AF 
33 (600) -32131 Final Report 


New equipment for nondestructive testing of bonded aircraft 
components using a refinement of the ultrasonic reflectoscope 
principle was developed and evaluated. Acoustic pulses of the 
specified duration (less than 0.25 microsecond) were success- 
fully generated and detected by means of a recently developed 
technique employing unidirectional impulses rather than oscil- 
latory wave-trains. With optimum adjustment aluminum thick- 
nesses less than .020 inch were resolved. Over 100 samples, 
adhesive bonded lap joint and honeycomb, and brazed honey- 
comb representing a wide range of bond conditions were inves- 
tigated and results correlated with other ultrasonic and de- 
structive tests. Detectable faults in 2 ply lap joints included 
voids, overage adhesive, low pressure bond, undercure, and 
partial contact. Poor adhesion due to unclean surfaces was 
not detectable. Results on honeycomb specimens were not 
satisfactory. Design and construction of equipment applicable 
to production inspection were not undertaken. 


Lamb wave method discussed on pp 32-33. 
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Muskat, M., and Meres, M. W., "Reflection and Transmission Coef- 
ficients for Plane Waves in Elastic Media, " Geophysics v5, nè 
pp 115-148, (1940) 3 


The results are given of a systematic series of calculations on 
the coefficients of reflection and transmission for plane waves 
incident on elastic interfaces. Tables are given for the ampli- 
tudes of the reflected and transmitted longitudinal and trans- 
verse waves, for the intensities of these components and for 
the fractions of the incident energy carried away by them. For 
incident lonpitudinal waves calculations were carried out for 
angles of incidence between 0 and 30° with intervals. For 
incident transverse waves polarized in the. planc of incidence 
results are given for four angles of incidence up to approxi - 
mately lé For incident transverse waves polarized normal 
to the plane of incidence the calculations were carried through 
for all angles of incidence - in steps of 5° - up to total reflec- 
tion. All the calculations were carried througn for interfacial 
density ratios of 0.7 to l. Зап steps of 0.1, and interfacial 


velocity ratios between 0.5 and 2.0 in steps of 9.25. 


Muskat, M., and Meres, M. W., "The Seismic Wave Energy Reflected 
from Various Types of Stratified Horizons, " Geophysics, v5 па. 
рр 149-155. 


Two applications are made of the reflection and transmission 
coefficients reported in the preceding paper. These concern 

the effect of the angle of incidence upon the fraction of incident 
energy returning to the surface, and the effect of velocity strati- 


fication upon the energy return. 
Nishimura, G., see Sezawa, K., and Nishimura, G. 
Niwa, N., "Cathode Ray Tube Type Ultrasonic Thickness Gauge and Its 


" Univ. of Tokyo-Inst. Indus. 
Science Report vi; пі, ορ 1-6; (February, 1958) 


Application to Nondestructive Inspection 


Principles of nondestructive inspection by resonance methods; 
thickness curves of some materials traced and compared with 
each other, design of gauge; scaling system; design of probes; 
„testing standard test plates; thickness and sound velocity meas- 
urement; examples of detecting defects in thin metal plates. 

44 refs. (In Japanese with English abstract) 
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"Non-Destructive Testing," Aircraft Production, v20, πᾶ, r9, πὶ], 
nl2, August, 1958: pp 314-322, September; pp 358-368, November 
pp 420-431, December; pp 164-182. 


August: Basic approach to ultrasonic methods of flaw detec- 
tion of raw materials and techniques, used at Production In- 
spection Department of Vickers-Armstrongs (Aircraft) Ltd; 
correlation of data and coding of defective material. Septern- 
ber: Ultrasonic exarnination of wing skin panels; use of та: - 
netic crack detection techniques. November: Use of dye and 
fluorescent penetrants, December: Inspection; examination 


of aircraft structures. 


Olha, W. R.; see Van Valkenburg, H. E., Wilson, R. A., and Olha, 
W. R. ; 


Oliver, J., Press, F. , and Ewing, M., "Two-Dimensional Model 
Seismology," Geophysics, у19, n2, pp 202-219, (April, 1954) 


The solutions of many problems in seismology may be ob- 
tained by means of ultrasonic pulses propagating‘in small 
scale models. Thin sheets, serving as two-dimensional 
models, are particularly advantageous because of their low 
cost, availability, ease of fabrication into various configur- 
ations, lower energy requirements, and appropriate dilation- 
al-to-shear velocity ratios. Four examples are presented: 
flexural waves in a sheet, Rayleigh waves in a low velocity 
layer overlying a semi-infinite high velocity layer, Rayleigh 
waves ina high velocity layer overlying a semi-infinite low 
velocity layer, and body and surface waves in a disk. 


Oliver, J.; see Press, F., and Oliver, J., (1955) 


Oliver, J., "Body Waves in Layered Seismic Models," Seismological 
Soc. Am. Earthquake Notes, v27, n4, pp 29-38, (December, 1956) 


Application of seismic model technique to some simple layered 
configurations; these include; single layer with both top andbot- 
tom suríace free and bottom bounded, first by lower velocity 
material of semi-infinite extent; and second by higher velocity 
material of semi-infinite extent; single layer whose velocity is 


continuous function of depth. 
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Osborne, M. Е. M., and Hart, 5. D., "Transmission, Reflection, 
and Guiding of an Exponential Pulse by a Steel Plate in Water, 1. 
Theory," J. Acoust. Soc. Am., v17 pp 1-18, (1945) 


The problem of the interaction of an underwater explosion wave 
with a steel plate is discussed, particularly those aspects in 
which the plate can be considered as an elastic, 2-dimensional 
wave-guide. The phase velocities of the more important modes 
ol the plate are evaluated as functions of the frequency. They 
are used to derive the properties of the precursor, an oscilla 
tion which precedes the explosion wave às it travels along the 
plate, The results of the theory are compared with experiment 
The methods are applicable to the evaluation of the phase veloc 
ities of the modes of an electromagnetic -wave guide, The prop 
араЦоп of a transient, such as an explosion wave, down a wave 
guide, presents the mathematical problem of the evaluation of 
a contour integral of a function of à complex variabie defined 


implicitly. No rigorous solution as yet exists. 


Osborne, M. Е. M., and Hart, 5. D., ' Transmission, Reflection and 
Guiding of an Exponential Pulse by a Steel Plate in Water, J. Acoust 


Soc. Am., vl8, pp 170-184, (1946) (Naval Research Lab. Rept. 5-2564 
and S- 2564-814270 PB 17570 and 16085) 





In this paper are given the results of an experimental study of 
the interaction of an explosion wave with a water-backed steel 
plate. Data are given showing the dependence of the transmitted 
and reflected waves on the angle of incidence, and of the diffracted 
wave on the position behind the plate. The plate acts as a filter. 
removing the high frequencies from the transmitted wave and the 
low frequencies from the reflected wave, The reflected wave is 
approximately constant іп shape or time scale, with varying 
angle of incidence. Hs amplitude has a broad maximum at nor 
mal incidence. In addition to the reflected, transmitted, and 
diffracted waves, waves can travel along the plate, in which 
case the plate acts as a wave guide. As a consequence of the 
dispersion of the guided waves, a precursor precedes the explo- 
sion wave as it travels along the plate. The dependence of the 
frequency, length, and amplitude of this precursor upon orienta - 
tion of the plate, position and time has been determined. 


Petrashen, С. 1., "О nekotorykh interferentsionnykh yavleniyaka v 


dvukhsloinoi srede,'' Akademiya Nauk SSSR, Izvestiya, Seriya, 
Geofizicheskaya, v20, nl0, pp 1219-1231, (October, 1957) 
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Some interferential phenomena in two-layer medium; study 
of the process of formation of interference waves in a thin 
stratus which is in contact with à semispace, assuming that 
source of oscillation and seismographs are located on the 


surface. 


Postma, С. W., "Wave Propagation in Stratified Medium" Geophysics, 
v20, n4, pp 780-806, (October, 1955) 


Wave equation is derived from stress strain relations and 
equation of motion, graphical procedure for derivation of 
characteristic velocities from five elastic moduli and aver- 
age density of medium, concept of wave surface; possible 


application of theory to actual field problems. 


Press, Е, ste Oliver, J., Press, Е. and Ewing, М, (1954) 
Press, and Healy, Absorption of Rayleigh Waves in Low-Loss Media, 
Seismological Lab., Calif. Inst. of Tech., Pasadena; (1958) 4 p. incl. 
illus. (Contribution No. 838), Contract DA 04-495-ORD-847, Project 
TB2-001; AD-137 029; Div. 2 10, 25 1, Unclassified report, 





Available by reference to Jnl. of Applied Physics 28:1323- 
1325, Nov. 57. Many materials are characterized by internal 
dissipation parameter 1 Q. An expression is derived for such 
media relating the Rayleigh wave absorption coefficient to com- 
pressional and shear wave absorption coefficients with the elas- 
tic velocities as parameters. Ultrasonic experiments are des- 
cribed in which the three absorption coefficients are measured 
in thin Plexiglas sheets. The theoretically derived expression 
satisfactorily relates the observed absorption coefficients. 


Press, F., and Oliver, J., "Model Study of Air-Coupled Surface Waves," 
J. Acous, Soc. AM., v24, pp 43-46, (January, 1955) 


Use of flexural waves generatedinthin plate by spark source to 
investigate properties of air coupled surface waves; experimen- 
tal study of effects of source elevation, fetch of air pulse, and 
cancellation by destructive interference. 


Press, F., "Seismic Model Study of Phase Velocity Method of Explora- 
tion, ' Geoph sics, v22 n2, рр 219-285, (April 1957) 
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Variations in phase velocity of earthquake generated surface 
waves used to determine local variations in thickness of 
earth's crust; seismic model study of effect of thickness 
changes, lithology changes, faults and scarps, on phase 


velocity of surface waves. 
Rayleigh, J. 5., Theory of sound, Dover, New York (1894) 


A treastise covering the entire field of sound, Chapter X 


deals with tlie vibratiuns of plates. 


Rayleigh, J. 35., "On Waves Propagated Along the Plane surface of 
an Elastic 3olid,"Proc, Lon. Math. 50c., у17, pp 4-11, (1895) 


The behavior of waves upon the free surface of an infinite 
homogeneous isotropic elastic solid is investigated in this 
paper, These waves are confined to a superficial region 

the only disturbance being found within a distance compar - 


able to the wavelength. (Rayleigh Waves) 


Reissner, H., "Transmission of Compression Waves Through a 
Solid Plate Immersed in a Fluid, " Helv, Phys. Acta, vll, pp 140- 


155 (In German) 


Assuming plane compression waves falling on a parallel 

sided plate in which there 1s no internal friction, the author 
deduces an expression for the transmission, 1.е.. the ratio 

of the squares of the amplitudes of the incident and emergent 
waves, This expression is a function of the angle of incidence, 
the angles of refraction in the plate, the wave lengths, and the 
velocities of both compression and torsional waves in the plate. 
It is useful in determining the elastic constants of the plate. 
Its possible value in the theory of sound insulation of walls is 


pointed out. 


Richardson, E. G., "Acoustics in Relation to Radio Engineering, " 


Brit. Inst, Radio Eng. УЕ pp 571-84, ον. 1952) 


Analogies between acoustic and electromagnetic phenomena; 


ideas of acoustic impedance resonators, filters, transmission 


lines, waveguides and radiators, discussed in relation to com- 


parable electromagnetic cases; phenomena experienced in appli- 
cation of "sonar" and sound ranging are compared with propaga- 
tion effects experienced in ionosphere by electromagnetic waves: 


ultrasqnic waves. 
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Rizinichenko, U. V., and Shamina, O. G., "Ob uprugikh volnakh v 

tverdoi sloistoi srede po issledovaniyam na dvukhmernykh modelyakh, " 
Akademiya Nauk 555Ң, 
pp 855-73, (July, 1957) 


Izvestiya, Seriya Geofizicheskaya, v20, n7, 





Elastic waves in solia stratified medium, according to studies 
of two dimensional models, ultrasonic method of exciting waves 
was applied, kinematic and dynamic characteristics of waves. 


Ross, J. D., and Leep, R. W., "Ultrasonic Transmission Tester," 
Non-Destructive Testing, vl5, pp 152-4, (May-June, 1957) 


Tester developed at Savannah River Laboratory; usual high- 
voltage pulser and high gain amplifier were eliminated by 
taking advantage of greater coupling coefficient and lower 
driving impedance of barium titante transducers; ultrasonic 
pulse is transmitted through object under inspection and 
received pulse is checked for abnormal attenuation; abnor- 
mally attenuated pulses can be counted as object is scanned. 


Sanders, Е. H., "Transmission of Sound Through Thin Plates," 
Canad. J. of Research, v17, Sect. А, рр 179-193, (Sept., 1939) 


The transmission of sound through plates of brass and піске! 
has been studied for angles of incidence ranging from 0 to 70° 
using effective plate thicknesses varying from X 20 to №. In 
addition to strong transmissions in the region below the nor- 
mal critical angle, very sharp and intense transmission max- 
ima are observed at angles of incidence greatly in excess oí 
the critical angle. These transmissions fall within three 
clearly defined angular regions: (i) angles between zero and 
the critical angle for longitudinal waves; (ii) angles between 
the critical angle for longitudinai waves and the critical angle 
for transverse waves; and (iii) angles above the critical anyle 


for transverse waves, 


Sato, Y., "Study on Surface Waves II; Velocity of Surface Waves Propa- 


gated Upon Elastic Plates." Bull. Earthquake Research Inst. Tokyo, 
v29, pp,223-261, (1951) 


In this paper the theory of surface waves propagated upon 
elastic plates is discussed. 
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Horizontally polarized shear waves are considered as the 
simplest model of surface waves, and the resulting dispersion 


curves are discussed. 


The characteristic equation of surface waves formed by P and 
SV waves is derived and the numerical calculations are per- 
formed. The characteristic equation is derived for the case 
of one side of the plate bounded by liquid, and some numerical 
calculations are performed. The above equation is expanded 
in a power series, and it is shown that there are two branches 
One of these branches exhibits normal dispersion and the other 


exhibits abnormal dispersion, 


The relationship between phase velocity, group velocity, wave 
length ana period із obtained using the results of a previous 
article. Particle trajectories are discussed, and it is shown 
that one of the above nientioned branches represents a bending 
motion whereas the other branch represents elongation and 
contraction, Only the real roots of the velocity equations are 
discussed; however, when the sound velocity in the liquid part 
is small compared with that of the plate the complex roots must 
also be considered when dealing with seismograms recorded 


ncar the origin. 


F., "Remarks Concerning the Theory of Vibrations of Thin 
Plates" Z. Natursforsch, УАЗ, рр 548 552, (1948) (In German) 


The most natural method of gaining an understanding of vibra- 
tion phenomena in thin plates, namely that of obtaining rigorous 
solutions of the basic equations of elasticity, previously has not 
received extensive treatment in the literature. For thin plates 
of finite thickness and a given phase velocity, c, this rigorous 
integration results in a discrete spectrum of frequencies. The 
author's discussion leads in the limiting case of very thin plates 
to three distinct laws of dispersion for the three different types 
of vibrations (shear-, extensional-, and bending vibrations) 
from which one can easily obtain simplified equations for a first 
approximation as well as for higher orders of approximation. 

In particular it becomes easily apparent why the differential 
equation for the bending vibration of thin plates is of the fourth 


order in the three-dimensional case. 
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Schneider, W. E., and Burton, C. J., "Determination of the Elastic 
Constants of Solids by Ultrasonic Methods," J. Appl. Phys., v20, p 48, 


(1945) 


The application of ultrasonic methods to the determination of 
the elastic constants of solids is considered in some detail. 
lt is shown that a rotating plate technique in which ultrasonic 
transmission is plotted as a function of the angle of incidence 
of the waves allows determination of the velocities of dilation 
and shear waves in the plate, From these data, Poisson's 
ratio and the mechanical moduli may be determined. Details 
of an apparatus for making such measurements are given, 
The elastic constants of several metals have been measured 
with this equipment, and the values obtained are shown to be 
in agreement with previous published data. In addition, meas- 
urements of a number of thermo-plastic and thermo-setting 


resins have been made successfully, 


Schoch, A., “Sound Reflection, Sound Refraction, and Sound Diffraction," 
Berlin, Springer-Verlag, Ergeb. Exakt. Naturwiss., v23, pp 127-234, 
(1950) 


This monograph is a valuable addition to the literature of the 
theory of sound waves of sinall amplitude, either in a gas or 
in an elastic solid. The scope of the work is best indicated 
by the titles of the chapters, viz.: (I) Introduction; (II) Found- 
ations of the theory; (III) Reflection and refraction of a plane 
wave at a plane boundary surface; (IV) Free boundary-layer 
waves along a plane boundary surface; (V) Reflection and re- 
fraction of nonplane waves at a plane boundary surface; (VI) 
Waves in Plates; (VII) Layered media; (VIII) Curved bound- 
ary surfaces and diffraction phenomena; (IX) Bibliography. 
The bibliography should prove most useful, as it contains 144 
references, nearly half of them to work done since 1945, 
While the work is essentially mathematical, it contains many 
beautiful photographs of experiments illustrating the theory. 


Schoch, A., "Тһе Transmission of Ultrasound Through Plates, '' Nuovo 
Cim., v7, pp 302-306 (In German) 


The transmission by a plate of plane-parallel ultrasonic vibra- 
tion depends on the frequency, the thickness of the plate, and 
the angle of incidence. Maximum transmission occurs when 
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the velocity with which the wave fronts cut the plate equals the 
phase velocity of any type of wave which can be set up in the 
plate. Schlieren photographs show how the transmission varies 
with the plate thickness and angle of incidence. Small damping 
by the plate gives a strong and broader beam of waves on the 
rear side of the plate. When very good transmission through 
the plate occurs, the schlieren photographs show that the re- 


flected wave on the front face disappears, 


Schoch, Arnold, The Transmission of Waves Through Plates, |" Acus- 
tica, v2, pp 1-17 (1952) (In Gerinan) 


The theory of transinission of sound-plane waves and laterally 
bounded beams--through plates is given in a form which re- 
veals the connection with the free waves in plates. Cremer's 
interpretation of total transmission as ‘coincidence ' of the 
incident wave with a free wave in the plate, certain exceptions 
froin that representation, and the influence of the finite cross 
section beam are discussed. The conclusions have been ex- 
amined experimentally on aluminum plates with ultrasonic 


Waves, 


Sezawa, K., and Nishimura, G., "Rayleigh-type Waves Propagated 
Along an Inner Stratum of a Body,’ Bull. Earthquake Research Inst. 


Tokyo, v5, pp 85-92, (1928) 


Rayleigh-type waves in an inner stratum of an elastic body are 
classified as symmetrical or asymmetrical when the motion is 
symmetrical or asymmetrical respectively about the medial 


plane of the stratum. These waves are dispersive, 


The velocity of asymmetric waves is higher than that of sym- 
metric waves for some values of the ratio of wavelength to 
stratum thickness, The velocities of propagation are limited 
between the velocities of distortional waves in the matter of 
which the stratum and outer medium are composed. 


The smaller the ratio of the shear modulus of the outer medium 
to the shear modulus of the stratum, the longer is the range of 
L/H (ratio of wavelength to thickness of stratum) over which the 
velocity of propagation is approximately constant. 


When the ratio of the shear modulus of the outer medium to the 
shear modulus of the stratum becomes very small, the velocity 
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of propagation approaches that of Rayleigh waves on a semi- 
infinite solid body. The energy of waves of short wavelength 
accumulates in the vicinity of a weak stratum. 


Shamina, O, G.; see Rizinichenko, U, V., and Shamina, O. G., (1957) 


Silverman, D,; see Evans, J. J., Hadley, C. Ғ., Eisler, J. D., and 
Silverman, D. (1954) 


Stern, R., see Thurston, G, B., and Stern, R., (1959) 


5tonely, R., "Elastic Waves at the separation of Two Solids," Proc. 
Roy. Soc. (London), v10o, pp 416-429, (1924) 


[his paper deals with wave motion that is greatest at the sur- 


face of separation of two media. * 


(Considers problem of elastic waves at the surface of separa- 
tion of two solid media. Waves analogous to Rayleigh waves 
will propagate. Also considers Love waves in an internal 
stratus, bounded on both sides by material of other elastic 


properties.) 


Stonely, R., "Rayleigh Waves in à Medium with Two Surface Layers, 


1," Monthly Notes Roy. Astr., Soc. Geophys. Suppl., v6, pp 610-615, 
(1954) 


The period equation is obtained in the form of a determinant 
of the tenth order. If the length of Rayleigh waves propagating 
in this layered half-space is very small, the determinant re- 
duces to the product of three determinants. They then yield 
period equations for very short Rayleigh waves along the free 
surface as well as for similar waves along the two interfaces. 


Swenson, George W., Principles of Modern Acoustics, D. Van Nostrand, 
New York, (1953) 


_A treatment of theoretical acoustics from the viewpoint of 
electrical engineering. Chapter headings: Oscillations in 
Lumped-parameter systems, the Vi brating String, The Vibra- 
ting Membrane, Acoustic Waves, Radiators, Acoustic Circuits, 
Architectural Acoustics, Speech and Hearing, Approximate 
Methods. 


Acoustic waveguide is discussed pp 94-96. 
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Tash, J. A., "Field Inspection of Boiler Tubes with Ultrasonic Reflec- 
(озсоре," ASME Trans. v74, pp 201-200, (February, 1952) 


Details are given of the ultrasonic reflectoscope and its use in 
detecting defective small diameter tubing. By means of the 
ultrasonic shear wave method and the reflectoscope, 90 sections 
of defective tubing, representing over 1500 feet, were detected 
and replaced in the convection superheater outlet section of two 


boilers. 
Tubing was 2 inches О. D, х. 200" апа. 220" wall thicknesses. я 


Themas, D. А., "Characteristic Impedances for Flexure Waves in Thin 
Plates УЛ. ACOUSU DOE. ας, VSO. p eLo, [19581 


Boundary conditions are applied to the general solution of the 
thin plate wave equation te obtain the solution for outgoing 
flexure waves in an infinite plate. This solution is used to 
obtain expressions for a bending moment characteristic impe- 
dance and a shear force characteristic impedance. Graphs of 


these impedances are presented, 


Thomson, W. T., "Transmission of Elastic Waves through a Stratified 
Solid Medium, 4, Απο Physics; al, pp 89593, (1950) 


The transmission of a plane elastic wave at oblique incidence 
through a stratified solid medium consisting of any number of 
parallel plates of different material and thickness is studied 

theoretically, The matrix method is used to systematize the 
analysis and to present the equations in a form suitable for 


computation, 


Thomson, W. T., "Тһе Equivalent Circuit for the Transmission of 
Plane Elastic Waves Through a Plate at Oblique Incidence," J. Appl. 
Phys., v2l, pp 1215-1217 (1950) 


Equations are developed for the transmission of a plane elastic 

wave through a plate at oblique incidence with unequal fluid 

medium on each side of the plate. The plate transmitting both 

the dilation and shear wave is reduced to a simple equivalent 

circuit with impedances which are functions of the incidence ° 


angle. 
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Thurston, G. B., and Stern, R., A Bibliography on Propagation of 
Sound Thru Plates, Willow Run Labs., University of Michigan, Ann 


Arbor, Mich. (1959) Office of Naval Research, Contract No. Nonr- 
1 224(24). 


A bibliography on propagation of sound through plates. The 
abstracted material is organized in accordance with a de- 
tailed subject outline having five major topics: Transmission 
thru Plates; Wave Propagation; Properties of Materials; 
Vibrating Surfaces and Plates; General References. Litera- 
ture surveyed is principally in the period from 1929 to 1958. 
Approximately 450 abstracts are given. 


Tiffen, R., "Dilational and Distortional Vibrations of Semi-Infinite 
Solids and Plates," Mathematika, v3, pp 153-163, (1956) 


This paper shows that, in the presence of a free plane bound- 
ary, special types of purely dilatational and purely distortional 
vibrations are possible with the presence of Rayleigh waves. 
Excluding the use of Rayleigh waves, there is only one stable 
form of distortional plane wave with the displacement vector 
always parallel to the free surface. 


Equations of vibrations of an infinite flat plate are derived 
with Fourier transform method. In general, it is not possible 
to consider dilatational and distortional waves separately, 
except one stable form with displacement vector parallel to 


the free surfaces. 


Timoshenko, S. P., "Оп the Transverse Vibrations of Bars of Uniform 
Cross Section, Εμ Mape, νο D σος (E922) 


An exact solution of the problem is given in the case of a beam 
of rectangular cross section, of which the breadth is great or 
small compared with the depth, so that the problem is virtually 


one of plane strain or of plane stress. 


Tolstoy, '., and Usdin, E., "Dispersive Properties of Stratified Elastic 

and Liquid Media: a Ray Theory, '' Geophysics, v28, pp 844-870, (1953) 
The interference principle of wave guide propagation is applied 
to the derivation of the period equations for a number of prob- 
lems involving both elastic and liquid strata. In the case of 
undamped steady-state propagation in a solid or liquid stratus 
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two arbitrarily chosen points at the same depth must be indis- 
tinguishable on an amplitude basis. This well known principle 
combined with the knowledge of the reflection coefficients en 
able us to derive in а few simple steps the period equations for 
a number of multilayer cases which heretofore had been avoided 
on account of algebraic difficulties. The period equations ob- 
tained by this method exhibit a singular simplicity and unity of 
form, Аз a consequence of this one may distinguish formally 
the Mj, and M, waves discovered by Sezawa and understand 


their physical significance. 


Tolstoy, l., and Usain, E., Wave Propagation in Elastic Plates; Low 


and High Mode Dispersion ~ J, Acoust., Soc. Am., v29. pp 37-42 


. -(1957) 


This 15 an analysis of dispersive properties of clastic plates 

in vacuo, For low modes there exists conclusive experimenta! 
verification of these properties, Model studies show prominent 
arrivals having the proper spectra and velocities for group ve- 
locity maxima and minima Corresponding to several symmetric 
and anti-syinmetric modes. In addition, detailed calculations 
based upon exact tormulas predict some new and as yet uncon- 
firmed properties of plates, e.g., negative phase velocities. 
New results concerning high modes of propagation are also dis- 
played. These modes are of considerable theoretical interest 
since they belong to the transition region between the domains 


of validity of the wave and ray theories 
Usdin, E.; see Tolstoy, 1, and Usdin, E., (1953) 
Usdin, ЕЁ,; see Tolstoy, l., and Usdin, E., (1957) 


Van Valkenburg, H. E.; see Cook, E. G., and Van Valkenburg, H. E., 
(1954) 


Van Valkenburg, H. E.; see Cook, E. G., and Van Valkenburg, H. E., 
(1955] 


Van Valkenburg, Н, E., Wilson, В. А,, апа Olha, W. R., Ultrasonic 
Inspection Equipment Program, Sperry Products, Inc., Danbury, Conn.; 
| v. incl. illus. tables; Final Engineering Report. 1 Apr. 55- 31 Dec 56 
(Technical Report No. TR-065); Contract AF 33(600)29879; AD-143 701; 
Div. 26/4, 30/3; Unclassified Report. 


DENVER RESEARCH INSTITUTE — UNIVERSITY OF DENVER 





190 


Research was undertaken to develop improved instrumentation 
for nondestructive testing of aircraft components by the ultra- 
sonic-reflectoscope method. Investigation of transducers, 
distance calibration factors, and a digital memory-presentation 
system are included. Experimental models of the proposed 
equipment were assembled and evaluated. Transducer develop- 
ment: Piezoelectric materials such as fused titanate ceramics 
and Li? SO, crystals were studied with emphasis placed on the 
use of ВаТ:О,. The work program was divided into ὁ main 
ranges: below | mc, | to 5 mc, and above 5 mc. Topics which 
were investigated include lapping, plating, polarizing, damping, 
and assembly were investigated, and transducer materials and 
search units were evaluated, Distance Calibration: Amplitude- 
. distance data were obtained for some typical aircraft materials 
by using the frequencies; search unit sizes, and test hole diam- 
eters which are currently used. Distance correction circuitry: 
Circuits were developed which can be attached to a standara 
reflectoscope to provide an automatic distance correction for 
а wide range of test conditions, А practical approach was devel- 
oped, and suitable equipment was designed, constructed, and 
tested, Improved flaw-data presentation’ A display unit which 
presents a large bright display which preserves the flaw data 
until erased was developed by employeng a matrix of 800 small 
neon lamps similar in principle to an animated billboard (See 
also AD-118 691) 15 February 1958. 


Van Valkenburg, H. E.; see Murdoch, A. M., and Van Valkenburg, H. E., 
(1959) 


Varney, 2. J., and Kleint, В. E., "SNT Airframe Committee Report оп 


Reproducibility of Ultrasonic Inspection Test Results, Nondestructive 


Testing, v15, n5, pp 290-292, (September -October, 1957) 


Report on testing defective 7075 aluminum alloy plate samples; 
analysis of results compiled from data received from nine com- 
panies. 


Vernon, J. B.; see Butler, J. B., and Vernon, J. B., (1946) 


Volterra, E., and Zachmanoglou, "Longitudinal Waves in An Elastic 
Plate, Am. Soc. C, E. Proc, 85:33-49 Ja. "59 


The problem of dispersion of longitudinal waves in an elastic 
infinite plate is discussed by applying the method of Internal 


5 . 
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Constraints and by taking into account second order terms in 
the equations of constraints, Numerical results obtained by 
applying this theory are compared with those obtained by apply 


inp the exact theory given by Lamb. 


Wilson, К. À.; see Van Valkenburg, H. E., Wilson, R. A., and Olha, 
W. К. 


Wilson, R., "Recent Developments in Uitrasonic Inspection of Thin 
Metallic Sheet or Plate," Sheet Metal Industries. v30, п310, pp 146 
160, (February, 1953) Discussion n312, pp 308-310, 312, (April, 1953) 


New "capacity technique ' makes it possible to examine contin- 
ulty of bond between composite metal plates, standard ultra- 
sonic equipment used, together with suitable assembled tran 
verse wave probes; two main types of Perspex probes indicated, 
test results, applicability of technique to testing of bonded mater - 


1415 in general, Bibliography 


Worlton, D. C., An Ultrasonic Method For Bond Testing Reactor Fuel 
Elements United States Atomic Energy Commission Report No. HW 
47017 (Del.) Unclassified, (1950) 


Descriptions are given of ultrasonic equipment investigated for 

determining the integrity of the bonding layer in certain jacketed 
fuel elements. This method was used to discriminate the size of 
the unbonded region electronically and also to map the unbonded 


areas. 


An immersion, pulse-echo system is used and the lack of bond 
is manifested by a stretching of the pulse due to ringing of the 
unbonded jacket. 


Worlton, D. C., "Ultrasonic Testing with Lamb Waves,'' Nondestructive 
Testing, 915, ná, pp 218-022 tJulysAupust, 1957) 


Application to practical testing problems of Lamb waves which 
have ability to travel in metal sections that are so thin as to be 
difficult to resolve by more conventional testing procedures; 
Lamb waves in test block with built in laminar flaw 0.020 inches 
below the surface; probe for interior inspection of tubing; Lamb 
waves in metal strip of different grain structures; possibility of 
using waves with geometries other than plates. 
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Worlton, D. C., Lamb Waves at Ultrasonic Frequencies, HW-60662, У 
Hanford Atomic Products Operation, Richland, Washington, (1959) 


A theory formulated in 1916 by Horace Lamb predicting that Е 
plates may vibrate up to an infinite number of modes is соп- 

firmed by a method described, Measurements made on finite 

plate and curved objects reveal that in each case the wave phase 

velocity agrees closely with predicted values, 


The theorv is extended to correlate experimental observations, 
Equations are developed relating phase velocity to frequency 

and plate thickness in terms of longitudinal and shear wave ve- 
locity. Curves are presented for aluminum, zirconium, stain- 


less steel, brass and uranium. 


The distinguishing characteristics of the various modes are 
discussed in the light of potential nondestructive testing appli- 
cations, Itis shown that interior particles are displaced in 
elliptical orbits, with vertical motions existing at the surfaces 
when the wave velocity is N 2 shear wave velocity, and hori- 
zontal surface motions existing for wave velocities equal to 
longitudinal wave velocity. 


Young, R. S.; see Clayton, H. R., and Young, R. S., (1951) 


Zachmanoglou, see Volterra E., and Zachmanoglou (1959) 


Zeiss, Carl, Instrument for Testing Sheet Metal and Plates (Geraet 


Zum Pruefen von blechen und platten), Air Technical Intelligence 
Center, Wright-Patterson Air Force Base, Ohio; (1957); 5 p. incl. 
illus, (Пері, No. ATIC-275256-A; Trans. No. F-TS-10037/V of rept 
of VEB Carl Zeiss, Jena, p.5) AD-147 022, Div. 24/1, 26/4, 30/3, 
30/5; Unclassified report 


An instrument which used the video sound method for testing 

sheet metal and plates is described, This method will not 

only permit detection of possible flaws in the material but 

will also make the shape and size of the flaws, inhomogene- 

ities, and shrick holes in the material visible. The work 3 
piece to be tested is placed into а tub of water and irradiated 

from one side by an ultrasound generator. The sound pattern 

of the workpiece is projected onto the water surface through ` 
a sound lens; and the relief pattern, created on the surface, 
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is depicted on a pround glass plate by means of a light-optical 
Schlieren arrangement, A thin foil is stretched опа slant in 
the water below the relief pattern. The water wedge forms 
interference bands of equal thickness which show in the piciuie 
only at the sound-permeable spots. By tilting and rotating the 
foil about the vertical axis, the width and direction of the bands 
can be arbitrarily varied and adjusted so that the flaws will show 
distinctly, The entire apparatus was compiled into one struc- 
tural unit in the new ultrasound camera, Testing can be done in 
normal daylight with the HBO 200 light source or in à darkroom 
with à 50-w coil filament lamp. The image on the ground-glass 
plate can be microfilmed for the testing certificate. The point 
of a flaw in the material can be marked and later removed, 

Sheet steel of 10 to 15-mm gage will be penetrated completely 

by the sound waves, for brass sheets the values are near 10 mm, 


and for light- metal alloys they are above 20 mm 
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